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Summary 

An  investigation  is  made  into  the  stability  of  four 
types  of  two-dimensional  free  surface  flows  of  an  ideal  fluid 
when  subjected  to  small  perturbations# 

For  the  case  of  a bounded  hollow  vortex  flow  only 
neutrally  stable  perturbations  are  found,  and  the  propagation 
of  these  perturbations  is  compared  to  the  propagation  of  gravity 
waves  in  water*  The  impinging  of  a Jet  upon  a plate  of  finite 
width  is  also  found  to  be  a stable  conf iguration*  A series  of 
orifice  flows  is  investigated,  all  of  whose  perturbations  are 
found  to  be  stable  with  the  ex'ef  tion  of  an  isolated  unstable 
perturbation  in  the  case  of  one  member  of  the  series,  namely 
the  flow  through  a liorda  mouthpiece#  Finally  the  existence  of 
unstahle  porturba* ions  is  indicated  in  the  case  of  equal  and 
opposite  impinging  Jets# 
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ON  THE  STABILITY  OF  SOME  FLOWS  OF  AN  ^ 
IDEAL  FLUID  WITH  FREE  SURFACES1 

By 

J«  L*  Fox - and  G.  W#  Morgan^  (Brown  University) 

i*  lo&atogMaa 


Steady  state  plane  flows  of  an  lneoopresslble  invlscld 

/ 

fluid  with  free  surfaces  were  originally  studied  by  Kelaholts 
[2  and  Klrchoff  [3],  and  have  since  been  thoroughly  reported 
In  the  literature*  Their  work  was  an  attempt  to  improve  the 
classical  solutions  of  flow  around  sharp  corners  which  arc 
physically  unacceptable  because  they  give  rise  to  infinite 
velocities  at  the  corners*  Helmholts  and  Klrchoff  reasoned  that 
as  the  velocity  becomes  largo,  the  pressure  in  the  fluid  de~ 
creases  to  the  value  at  which  the  fluid  goes  over  into  the 
vapor  state*  This  gives  rise  to  a so  called  eavltated  region 
bounded  by  a "free  surface"  over  which  tho  pressure  is  assumed 
to  be  maintained  constant  and  uniform* 

One  also  deals  with  steady  free  surface  flows  In  the 
case  of  Jets  flowing  In  an  ambient  constant  pressure  atmosphere* 


T* THo  rosults  presented  In  this  report  wore  obtained  in  tho 
course  of  research  conducted  under  contract  M7onr-35B07 
sponsored  by  tho  Mechanics  Branch,  Office  of  Naval  Research# 
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Several  examples  of  such  problems  are  treated  by  Hi  Ine -Thompson 

t4i* 

Very  little  work  has  been  done  in  the  past  concerning 
time  dependent  flows  with  free  surfaces*  Lord  Kelvin  f 5l  dis- 
cussed the  vibrations  of  a hollow  columnar  vortex  flow*  Some 
unsteady  free  surface  flows  under  tho  influence  of  external 
forces,  such  a3  gravity  waves  in  water  are  discussed  in  Lamb 
[C]  and  the  investigation  there  is  extended  to  include  the 
effects  of  surface  tension  and  viscosity. 

Recently  Ablow  and  Hayes  [l]  developed  a theory  of 
the  3ciall  perturbations  of  the  two-dimensional  flow  of  a per- 
fect fluid  in  the  presence  of  a free  surface  without  external 
forcos*  They  then  used  their  theory  to  study  two  specific 
problems,  namely  the  flow  around  a hollow  vortex  and  tho  flow 
through  a Bor da  mouthpiece* 

Tho  present  investigation  will  concern  itself  with  an 
extension  of  the  work  jf  Ablow  and  Hayes  [1]  to  some  free  sur- 
face flaws  of  jets  as  well  as  to  a number  of  generalizations 
of  probing  treated  in  f 1 ]«  Our  primary  concern  will  bo  to  ob- 
tain information  concerning  the  stability  of  flows* 


1 i -2*1  Theory 

The  basic  tr.  - vy  underlying  the  m-.-thods  us*  d in  this 
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A#  Assumptions 

We  shall  be  dealing  with  perturbations  of  steady  state 
flows  which  do  not  fill  the  entire  plane*  They  can  be  conve- 
niently divided  into  three  categories*  (1)  flows  which  are 
cavitated  due  to  the  fact  that  there  is  a minimum  pressure  the 
fluid  can  sustain;  (2)  jot  type  flows;  (3)  flows  which  are 
a combination  of  Cl)  and  (2)«  In  all  cases  there  exist  in  the 
steady  flow  free  surfaces  along  which  the  pressure  remains 
constant  and  uniform* 

The  fluid  is  as sumo d homogeneous,  incompressible  and 
inviseid,  Doth  the  steady  and  perturbed  states  are  assumed  to 
be  irrotational  and  two-dimensional* 

All  quantities  are  written  in  non-dimensional  form 
through  the  use  cf  a cha ‘acteristic  length,  pressure  and  veloc- 
ity in  such  a manner  as  to  make  the  steady  state  velocity  along 
the  free  surface  of  unit  magnitude* 

Under  the  assumptions  made  the  flows  must  satisfy 
Bernoulli's  equation  in  the  fora 

9 * * fr  = C(t)  (?•!) 


where  p *3  the  pressure,  p 
velocity  potential  nnd  C(t) 

dot  Ir.Hcntos  partial  iiffv 

r ir  t ' .«=  r -,u  re , wy  c 


t h*.  ‘lens? ty » q the  velocity.  %.■  the 
is  a fun?'* ion  of  tine  alone*  The 


reutiat  * with  respect  to  time* 

*»>  introduce  a ct-sriex  potential  f 
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where  v = u - iv  and  u and  v are  the  cartesian  velocity  compo- 
nents in  the  z = x + iy  plane. 

B*  &&3&SL  USX 

The  basic  steady  flow  satisfies  the  steady  form  of 

(2.1) 

P0  + ^ pq^  - constant  (2*3) 

whore  the  use  of  a *ero  subscript  denotes  the  basic  steady 
flow.  Since 

df  , , 

vo!J^  O'*  »o  = *wol 

we  can  write  (2.3)  as 

P0  * ^ Pwo  v0  = constant 

where  the  bar  indicates  the  operation  of  taking  the  complex 
conjugate. 


c*  9A? 

shall  no w give  the  steady  state  basic  flow  a small 
pe»  turtot  Ion  In  terms  of  d smo.l  real  parameter  e In  the  **crm 


f ( 2 » t ) - f0(z3)  * 


1 % *\  f 


w c 2 * t ) S V < Z * ) * IV, l t - ) 

i V 


s c ( Z ? 
~ ‘ ' 0 - 


4*  t *>  * f * , f ] 


'here  f ar.i  v ,n-  analytic  ?■*:;<**  U-nt  >f  z0.  All  rnbse;ucnt 
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relations  will  be  linearised  by  neglecting  terms  of  order  e 
and  higher.  Hence  all  perturbations  are  small  perturbations 
in  that  they  ore  correct  only  to  first  order  in  e.  It  is  con- 
venient to  perturb  the  independent  variable  z0,  although  the 
perturbations  in  f,  w and  p are  given  in  terms  of  the  fixed 


point  z0. 

The  perturbations  given  above  are  not  independent 
since  ve  can  derive  the  following  relations  from  (2.1)  and 


(2.2) 


* 


V ~ 
1 


(2.4) 


+ pR-t  [wx  Wq  ♦ - wQ  t^}  = 0 (2.5) 

where  the  prime  indicates  partial  differentiation  with  respect 
to  rQ.  Thus,  ve  see  that  only  two  of  the  four  perturbations 
ore  independent. 

We  note  that,  when  properly  chosen,  two  different 

sets  of  perturbations,  e.  p, , (r^,f^)  and^,f^)  any  represent 

the  same  physical  perturbation.  Their  difference,  namely 

z * z.  - z , f * f - f,  , will  leave  the  rlow  unchanged  rnd 
I i-  *♦  i-  3 4 

the  perturbation  (Zj,f_)  will  be  called  an  inv  riant  perturba- 
tion, 

W©  define  a stationary  perturbation  to  one 

In  which  any  given  physical  perturbation  is  evaluated  at  a 
fixed  point  rQ  of  the  ba;ie  flow,  i.e.  f one  for  which  the  spec© 
variable  is  net  perturbed  (z-»  « 0).  We  can  now  find,  corres- 
ponding  to  a eivan  perturbs  v Ion  a unique  stationary 
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fora  by  superposing  oa  the  invariant  perturbation 

£ I • **  Uji 

Using  (2*4)  and  (?#5)  we  can  derive  the  following  rela- 
tions between  the  stationery  perturbations  f£,  *2  an^  Pg 

w2  “ wo  r2  l2,6) 

P?  - - pHl  [v0  wQ  r'2  ♦ f2]  (2.7) 

In  this  formulation  there  is  only  one  independent  per- 
turbation quantity,  say  restricted  only  by  the  condition 
that  it  be  admissible  under  the  boundary  conditions  of  the 
problem* 

In  subs*_suer»t  vork,  for  the  sake  of  compactness,  we 
shall  not  change  the  name  of  a function  after  a change  of  inde- 
pendent variable,  e.g.  , we  shall  write 


D.  ?rt.t  .virfac  Co/rittlgn 

There  nro  two  conditions  that  must  no  Id  ou  the  "ree 


surface.  First,  the  ^re^  surface  ’ rr 
and  second,  a particle  originally  on 
on  the  free  surface  in  the  perturbed 


osure  remains  constant, 
the  free  surface  remains 
state*  from  (?,  b)  we  see 


that  vs  can  s-.tirfy  the  first  condition  by  demand ing  that 


Hi  { 


r.,  ♦ f. 


* w 


' - 1 
« -1  J 


0 


(f.B) 


where  vc  have  used  the  relation  between  f i and  its  stationary 
fore  f.. 
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f2  55  f i - wo  *r 

The  second  condition  can  be  shown  to  imply  that 


la  If 2 4 <wo  zl 4 <vo  *j)*  3 “ °*  (2.9) 


We  can  satisfy  (2.8)  identically  if  we  set  the  expres- 
sion in  the  bracket  eaual  to  iX(z0,t5,  where  the  function  x is 
real  on  the  free  surface  and  otherwise  arbitrary.  Solving 
for  we  have 


*1  * 7^  f1 


x - d Cr2  (2.10) 

where  the  operator  D [ ] * ♦ .^1 3 . Now  substituting  for 


from  (2.10)  in  (2.9)  we  find,  after  some  reduction,  that  the 
free  surface  boundary  condition  is 


I a jo  [f2  - lf2l  1-  f 2 1 * 0 (2.11) 

where  w ® w /w1'  . 

- o o 

Adopting  tho  notation 


H = l Cf2l  f D [f2  - yD  rr2l  1-  fo  (2.12) 


(2.11)  becomes  with  vc  as  the  independent  variable 


H(v^)  = H(w0)  on 


CM3) 


£*  alary  "giviUions 

The  additional  boundary  conditions  depend  mainly  upon 
the  particular  flow  considered.  We  shall  here  discuss  some 
boundary  conditions  that  occur  in  most  of  the  problems  to  be 
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investigated* 

In  general,  from  a physical  point  of  view,  we  shall 
demand  that  all  perturbation  quantities  be  regular  at  any  regu- 
lar, finite  interior  point  of  the  basic  flow*  The  term  regular 
as  applied  to  a function  Implies  that  the  function  is  develop- 
able in  a Taylor  series,  while  by  a regular  point  of  the  basic 
flow  we  mean  a point  at  which  the  basic  flow  potential  is 
regular* 

Most  of  the  flows  we  shall  consider  originate  at  in- 
finity, i.  e* , have  a source  point  at  infinity.  Since  we  do 
not  wish  the  perturbations  to  alter  the  fundamental  nature  of 
the  basic  flow,  we  require  that  the  pressure  and  velocity  per- 
turbations vanish  at  the  source  point* 

CD  At  upstream  infinity  (source  point). 

(a)  the  perturbation  of  velocity  vanishes 

lia  « 0 
£0-»  00 

(b)  the  perturbation  of  pressure  vanishes*  From 
(2.7)  this  implies 

lie  ri  [vQ  v0  r;  ♦ f ] i 0 
r0— 

using  condition  1(a),  1(b)  reduces  to 

UK  RJf  r*f7]  e 0. 

(2)  Along  any  fiXvKS  wall  In  the  flow  the  perturbed  flow 
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can  have  no  component  normal  to  the  wall*  This  condition  is 
satisfied  if 

^ is  real  on  a fixed  wall* 
vo 

(3)  If  in  the  basic  flow  the  free  surface  originates 
at  a sharp  edge,  it  must  continue  to  originate  there  in  the 
perturbed  flow  if  no  Infinite  velocities  are  to  occur.  We 
uhflose  z such  that  a point  z0  on  the  basic  flow  free  surface 
goes  into  a joint  z on  the  perturbed  free  surface.  Our  bound- 
ary condition  demands  that  the  basic  flow  free  surface  and 
perturbed  free  sur face  coincide  at  a sharp  edge  where  the  free 
surface  first  originated.  We  can  satisfy  our  boundary  condi- 
tion if  z^  = 0 there  which  becomes  from  (?*.10) 

I1*  - c c2i} 

o 

(4)  In  subsequent  work  we  shall  consider  a flow  in- 
volving a hallow  vortex.  This  problem  requires  soma  special 
consider** J ons. 


(a)  As  = 0 

where  A(  } indicates  the  change  in  1 quantity  after  going 
around  a closed  cm  ur  encircling  the  vortex.  This  condition 
then  ensures  that  the  perturbed  f roe  streamline  remains  closed. 


(fc)  a fn  = i c< t ) 


where  f(t) 


i <- 

* -1 


j 1 


valued 


'.o< 


a 


function  of 
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This  ensures  that  the  circulation  about  any  closed 
contour  moving  with  the  fluid  remains  constant,  a consequence 
of  Kelvin’s  theorem  (see  [6,  p,  36])* 

In  cases  where  the  basic  flow  has  « velocity  distribu- 
tion which  is  a synr.etric  function  of  zQ  (symmetric  basic  flow) 
certain  simplifications  can  be  made  in  the  problom*  In  func- 
tional notation  a symmetric  function  F(v)  satisfies 

Fs( v)  = Fs(v) 


while  an  an  tl-sy  tamo  trie  function  satisfies 


?a(v)  = - f“(v)  . 


We  con  combine  both  relations  in  a convenient  notation 


5 - 

Fa( v)  e ± ?*(v) 


where  the  + and  - signs  go  with  the  symmetric  and  anti-symret- 
ric  ” r 1 3 respectively* 

Certain  op  rations  performed  on  a symmetric  or  anti- 
sytT.f  trie  fonr'^t''r.  preserve  the  so  properties*  It  can  bo  shown 
for  cxaor  l'  th**  * h u : r "-ra * * ~r„3  of  d i fforentiat  l n and  Inte- 


gra-. 1 r.  art  ay  -..••try  pr*  r-  rv in*:,  1.-  .,  th*  ^ym-vtry  or  anti- 


aj  y f * ¥ J*  y *\  , **  ■ ^ £ 4 r ^ **  . * 'J  f »J  r»,*'  ^ ^ 


. Ala-  if 


•'  1 V)  = * F ( V) 


an:  w r*  a 


* - * r ***»  * 


* -*  ' * * f **  *.**»«■  e *.  1 . i U-iJ> 
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then 


u(v)  = u(v) 

s 1 

Fa(u)  = ± Fa(u) 


(l,o.,  tho  function  retains  its  sywretry  or  anti- symmetry 
properties  in  the  u plane)* 

Tho  important  consequence  of  these  considerations  is 
embodied  in  a theorem  which  will  be  stated  hero  without  proof, 
(for  proof  see  [1,  pp  26  et  seq*  3). 


Symmetry  Th<-orora;  If  tho  basic  flow  is  symmetric,  any 
perturbation  can  be  represented  as  the  sun  of  a symmutric  and 
an  anfci- symmetric  porturh-ti on  each  of  which  satisfies  all 
boundary  conditions  and  so  is  an  admissible  perturbation  in 
lt3  own  rltfht. 


G«  of  Tin*  D-ymionce 

At  this  point  in  tho  dovolopnr-nt  of  the  theory,  the 
only  r striction  place  d on  the  perturbat  ten  in  tho  potential 
is  th-t  it  shall  satisfy  all  applicable  boundary  conditions* 
Wj  shall  attack  the  treble®  by  nssurdnr  solutions  of  the  form 


f.  = G,(v  )e^£  *■  G0(w^)t- 
k 1 o <:  0 


( 2. 14 ) 


n'n  anticipate  tb  s*  tv  is  *?.  lee  of  r; S m* * 5>  ;.'.a1  .ace  will  !•  ad 

t , an  i,p-r;vilu>  ; r -t  C r the  d- 'erminr.f  1 ei  f the  functions 

",  a:.  f h.  , x]  • •-t.  *Jnl  th  t *h  a,  : ry  e-«n  !i  ti  »r.s  can 

be*  :..tt  i sf  ivi  nly  1 r c*  r*  ain  sp^lfic  valu  .s  of  X .and  that  a 

<T  r • 1 >1  it  r.  v*  1 1 b - a :-s  of  - :1  such  .1  rent ary  f .rns 

- ft  a:  • ri*-  - ry  •,  r a will  l t :«.  ? ..-r  'if;c  the  a yni  tuie 
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of  the  real  part  of  all  admissible  X since  this  will  indicate 
the  stability  of  the  flow.  We  shall  have 

unstable  perturbations  for  R-t  > 0 

neutrally  stable  perturbations  for  R-t  | = 0 

stable  perturbations  for  R-t  -{  X ; < 0. 

It  night  seem  sufficient  to  assume  f ? in  the  form 

f = G(w)eXt  (2.  l4a) 

2 o 

since  if  X and  X were  both  eigenvalues,  both  would  be  found 
among  the  admissible  values  of  X#  The  form  (2.14)  has  been 
chosen  because  it  is  found  that  the  elementary  form  (2.14a) 
la  not  capable  of  satisfying  all  the  boundary  conditions, 
whereas  the  fora  (2.14)  can  represent  an  admissible  perturba- 
tion. 

Substitution  of  the  form  for  f^  from  i2. 14)  in  our 

4L 

previous  expression  (2.12)  for  the  operator  H gives 


H(v„)  = [01]eKt  + 

(o2hvt 

(2.15) 

vh-re  v . 

rrG)r— * ,3  ♦ 2Xwo0.,  + 

\ U “0*0  ° J o 

XGfu*  ♦ Xu)  . 

(2. 16) 

our  free  sur.'-.oro  h j’lr.i.nry  r*  ■t't'l * {•  I Ij)  beconres 


[G,(wn)1  = Dj-  fc  (W9)  ] 


(2.  17) 


In  ♦..©  event  the  fc^sic  flow  is  sy  mat*  trie  we  car,  de- 
"p'se  ft»  in’.'  symmetric  u;*d  mti-syn  .©trio  " opponents  and 
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where 


and  we  can  show  that 


°2  (,o> 


s 

- 1 


(W0) 


(2. 18) 


(2. 19) 


With  (2.19)  vre  can  eliminate  0£  from  our  free  surface 
boundary  condition  (2.17)  which  then  becomes 

h f0?  (V 1 - i \ [ci  ^ ' (2‘x) 

This  condition  is  to  be  applied  on  the  free  surface 
v Jv  =1  or  w.  = (-1).  We  can  use  analytic  continuation. 

0 o o W0 

however,  and  demand  that  it  hold  over  the  entire  wQ  plane* 

The  remainder  of  this  report  will  bo  devoted  to  solv- 
ing the  perturbation  equation  (either  (2.17)  or  (2.20))  for 
several  different  types  of  problems* 

In  the  remainder  of  the  work  the  subserfot  zero  used 
in  denoting  the  basic  flow  velocity  v0  will  be  dropped* 


II 


y-;rt« 


WL 


unh^by  Cylindrical  w.^Ua 


Tho  first  i ration  to  be  investigated  ir  a generaliza- 
tion of  one  treated  in  !l)* 


At 


The  basic  flow  is  % cyclic  irrotati  nal  motion  with 
circular  stream!  in»-c  bo  undo  i on  the  utsidc  by  a sc  l id  circu- 
lar wall  anl  on  the  ins i ie  by  a r ncvntrlc  cir^  tlnr  h ,H ov 
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vortex  forming  a constant  pressure  surface.  *fe  shall  denote 
the  radius  of  the  undisturbed  free  surface  by  a and  of  the 
fixed  walls  by  b,  or  in  dimensionless  form  by  1 and  b/a  = 1/a 
(see  Figure  1), 

We  can  readily  find  the  form  of  the  basic  flow  poten- 
tial in  the  hodograoh  plane  (see  Figure  2)  as  (see  [4  pp  3 16 
et  sed#  ]) 

f0  = i log  v ( 3*  l) 

and  v o find 

u s i 

u»'  = 0 (3.2) 


where  we  recall  that  the  prime  denotes  d/d  f „ 


3.  £am_af.  -the  Perturbation  Potential 

In  the  hodograph  plane  the  entire  physical  flew  is 
contained  in  the  annulus  bounded  by  Iwl  = 1 and  I v I = a - a/b« 
6ince  we  expect  the  perturbed  flow  to  have  the  same  fundamen- 
tal nature  as  the  basic  flow,  we  can  allow  singularities  of 
the  r^rturhed  flow  only  at  singular  points  of  the  basic  flow. 
In  this  els-'-  the  ''nly  such  pjint  is  v t-  0.  With  this  in  mind, 
we  shnl  ’ assume  as  the  r.ort  general  form  for  f-j 
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C*  Application  of  the  Boundary  Conditions 

We  shall  now  apply  the  relevant  boundary  conditions 
of  Section  II  to  the  general  form  for  f2,  < 3* 3 ) • 

(1)  = 1 C(t)  where  Af2  represents  the  change  in  ?2 

after  proceeding  about  a closed  contour  encircling  the  origin 
and  C(t)  is  a real  function  of  time.  This  boundary  condition 
entires  constancy  of  circulation  for  any  contour  encircling 
tho  singularity. 

The  application  of  this  boundary  condition  gives 


map 


The 


(2)  .’all  streamline  boundary  condition 
h'e  shall  insist  that  the  surface  |w|  = a which  is  the 
of  the  fitted  wall  remain  a streamline,  i,  c, , that 

w-. 

Tp  be  real  on  |w|  = a. 

••/press! on  for  w^/v  is  'Mind  from  (?,t)  to  bo 


w. 


V 
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s H 
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V 


V' 


MaP  lag  the  a?  r j.ri  i*o  subs*  I tut;  ns  we  find 

fr  * 2'  r-1  , \t  , ; 

* ‘w  ra  w V*  * [— - ♦ V,  kb- w 

t " rs-  i r - >-  -t*  * 


o * v 

, ” ! 1 -f : * 

. * r ••  - 


n I v ! --  a,  Ms  vi ; i he  t rue  for  all  Urh*  t if  and 

^ kh.w^'V. 


rC~  - I 
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Performing  the  indicated  conjugate  operation  we  have 

-i [3,  + j^T  rarwr]  = i[Bx  * j>I  kbkvk]  . 

— l(s«0O 


r=-eo 


2 


Substituting  v = a /w  and  equating  coefficients  of 
like  powers  of  w we  find 


and  hence 


and 


or 


31  = " B1 


31  ^ 0 


r 2n 

b = a a 
-n  n 


, -2n~ 

b - a a • 
n -n 


(3.^) 


(3)  The  free-  surface  boundary  condition  is  given  by 

(2.17)  as 


L^v)]  = I^ro.>(w)  ] on  w w - 1, 
rhich  in  expanded  "ora  is 
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of  a quadratic  equation  in  n which  gives  rise  to  an  Infinite 
set  of  X’s,  say  \n,  whore 


and 


^ = i(n  £ V/H(n) ) 


N(n) 


= n 


(3-6) 


fer  all  integer  n* 

tfe  can  now  find  the  final  rorms  of  G^(v)  and  G 2 (v) 

In  the  expression  (3*3)  for  an  elementary  solution  of  the  per- 
turbation potential  f~.  We  find  two  such  elementary  ‘solutions. 
Corresponding  to 


we  have 


X = i(n  •+  ) ) 


i(n+  l/*J(n)  )t 

e 


♦ 


(3.  7) 


2n  — -n 
1 &_  w 


-i(n+  t/JJ(n)  )t 
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a^id  correspond*  ng  to 


1 ( n - /'ifni ) 


VC  h x vo 
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t( 
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Pi',  - -n  -i{  n-  )/HTr>)  )t 
2 a v e 
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0.3} 


wh»  re  and  are  i*rary  constants.  .i<e  rt«  that  »>aeh 

.*  s n i.'tv  I v-s  a t-r~  in  v * an  * a term  in  v~  * 


* he  v..  j . .r,  fc;*  a ;eoerii  a trat  sslble  rerturta*  ian  will  be 
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found  as  the  sum  over  all  n of  such  elementary  solutions^ 


D«  Final  Forms  of  the  Perturbation  Quantities 

If  we  write  a solution  for  a general  admissible  per- 
turbation as  a sum  of  elementary  solutions  of  the  form  (3*7) 
and  (3*8),  after  some  reduction,  we  arrive  at  the  relation 

- , ?>,  -n  _ i(n+  v^Nfn) ) t n 

f2  ' Ao  * - 2j  ° cne 
n=l 

« _ -i(n+  /37n))t  , 

* ^ ari  c e -L 

*_7i  n n 

n~l  w 


4f’.  -n  i(u-  v^Cn ) ) t n 
+ a U e v 


n-1 

<5. 


r. 


<*,  n - -i(n-  v'H(n) ) t , 

_N  v a C e -i. 

n-1 


n 


(3.9) 


where  A0»  aril  Dn  are  constants  to  be  iotepe.lnedl  by  the 
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z,  = 

x 


05  »n  jxii  - [i(n+ /TOt-ine] 

vX  + a ^/Tn)  ( -1 } Cnv  e 


n=I 


n /k  - .n  ^ — [-i(n+  y^M)  t+in0  ] 

2v  a WKi)  c„  w e 
n=l 


n 


4%  -n  n _ - [Kn-  v70t-in6] 

S a /N(-i)  D w s 

n=l  1 


431  n - n - - [-l(n- \/^)t+ln9  1 

+ a v/F/(i)  w © 
n- 1 n 


n.10) 


111  sp.!  1 s slsn  jiC.  sg.  snils 

(1)  stability  of  basic  'low. 

We  hove  shown  In  (3*8)  that  the  only  allowable  eigen- 
values X are 

\n  = i(n  ♦ y'Wfn) ), 

Thus  > 1 3 a pure  imaginary  and  we  nay  conclude  imme- 

diately tha*  the  basic  flow  i3  neutrally  stable  when  subjected 
to  small  perturbations* 

(?)  Wave  character  of  the  perturbations* 

The  angular  voi^-ity  of  Ur>  fluid  particles  on  the 
basic  flow  fro  ■ surfe.ee  is  unity*  In  equation  <3«10)  wo  have 
written  an  ee  r^ss'en  for  the  r f rturbatl ons  of  the  free  surface 
which  sf-'oiri  -3  such  j ^rturtva*  i m3  up  to  an  arbitrary  f«inctlon 
%•  Asi  It  frm  this  arbitrariness*  we  note  that  th"  porturba- 

ip  of  a wove  pstt'-m  who  5*  c*'*:f cnents  travel 
.ties  equal  to  (1  * \/H/rJ , !.*•*,  they  either 
lead  or  lag  the  fluid  particles  with  an  angular  velocity  jf 
V'lt'n, 


p i _ 

4.  * - » j 


h 3t**e 

ifi  3 

As  1 it 

frm 

~1 

•;  ;*?  r* 

r.gu  lnr 

V>  1 :• 
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(3)  /vnalogy  with  water  waves. 

the  square  of  the  linear  velocity  of  propagation  of 
the  perturbat ions  along  the  Free  surface  is  seen  to  be 


r On1 

r Mai  s l j I..-  ...a.... s 

r,2  n -,  . 
n [_  L a ) 


(3.11) 


The  wavelength  y of  these  perturbat j ons  is 

(I)  3 iZ  , 
a n 

Defining  the  depth  of  fluid  from  the  rrec  surface  to  the  walls 
a?  h we  hi vo 

h = b - a 

or  dividing  * hr  nigh  by  a we  have 


£ r -1  - 1, 

& a 


n.i;?) 


'«  shall  consider  the  situation  where  the  ratio  h/y 
is  maintained  constant,  while  at  the  same  time  we  make  the 
disseasienloss  do;  th  (h/a)  very  small*  We  have  from  (-.12) 


1 * h 


which  vf>  c ;f*  in  tvrrs 


h/*  as 


l * £ -*  to  rrss  v'  hi  'her  ordr : 
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*.n 
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^-s 


;n  2} 

cl 


a - ii  > 
a 


which  in  the  1 isit  h/a  • * 0 ->*c 


r *^43  -u 


?l 


2n 

a 


«2nh/* 

£ « 


Substituting  In  (3*  11)  we  find 


, f . ami 

(•i)  y a 

iail  JLi-a. 

?"  i 2nh 

I 1 + o a 


^ (^)v  _ t 

r‘  = -2-—  tnnh  23t  . 

2*  Y 


(3*12) 


But  the  abv/e  is  the  same  as  the  square  of  the  velocity  of 
prcp&gatlen  of  a water  wave  i*\  a constant  gravity  fiold  if  one 
replaces  g by  1/a  (see  [6  p 367]).  Thus  we  see  that  the  anal- 
ogy is  complete  in  the  limiting  case  h/a — ^0.  This  is  as  ve 
sight  expect  since  for  h/a  very  small  the  centrifugal  forces 
throughout  the  fluid  are  approximately  constant  and  equal  to 
I/a,  and  since  they  produce  the  wavelike  disturbances  by  a 
mechanism  analogous  to  that  operating  in  gravity  waves* 


(4)  Limiting  case  with  b jd  , 


d r 1 c a i w a * 
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In  th*  work 
! b tend  to 
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a V/t,  if  we  let  the  radius  of  the  cylin- 
infinlty,  we  flni  that  wo  have  reproduced 
of  f 1 3 in  which  the  case  ~>f  a hollow 
fluid  was  treated*  Thus,  as  nrie  mi mt 
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the  free  surface  is  analogous  to  tho  velocity  of  propagation 
of  deep  water  waves#  This  result  can  also  be  obtained  by 
letting  h/y— +cn  in  (3. 12)# 

(*})  Comparison  with  previous  work# 

The  results  of  this  section  have  previously  been  ob- 
tained by  another  method  by  Lord  Kelvin  [5]#  However,  Kelvin 
treats  a three-dimensional  disturbance  of  the  basic  flow#  If 
one  considers  the  special  case  in  which  Kelvin's  three-dimen- 
sional disturbance  becomes  two-dimensional,  tho  results  of  [5] 
and  this  section  aro  Identical  In  all  detail, 

IV.  Genera  Used  Orifice  Kiowa 


Each  of  the  flows  to  be  considered  in  this  section 
represents  the  draining  of  on  infinite  reservoir  through  an 
orifice*  The  sides  of  tho  orifice  are  made  up  of  two  semi- 
infinito  plenes  inclined  to  each  ether  at  an  angle  of  2*/n 
radlansi  where  n = 2^,  p = 0,  l,  2,  •••  (see  Figure  3)«  *Vhcn 
p = *j  tho  configuration  becomes  the  Jorda  mouthpiece  which  has 
been  treated  in  [I],  and  hence  this  rectlcn  Is  essentially  a 


general ijation  of  that  prohlc 


a#  &ls1i  Zte*  -Liii&lsm 

The  ‘‘low  la  tho  physical  plane  is  mapped  onto  a sec- 
tor cf  the  unit  circle  in  tho  ho do graph  pi~ne  bounded  by  radii 
Inclined  at  an  angle  of  ± * /n  radians  to  the  positive  real 
axis  ( s*>e  F 1 t are  k ) • 


f*  I rwl  t*H*%  ti***  *■  rt  r** * t -fe  1 

fit  f»-  * * - -V  s T-"  !■'*  *J  : i t;  t J>  x 


* 1.  < * V_ 
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radii  are  streamlines  we  image  the  sector  to  cover  the  entire 
unit  circle.  The  potentials  of  the  basic  flows  for  all  n are 
similar.  Each  may  be  thought  of  as  being  due  to  the  presence 
of  a source  at  the  origin  and  sink3  on  the  unit  circle  at  the 
nth  roots  of  unity.  The  sura  of  the  strengths  of  the  n sinks 
is  twice  the  strength  of  the  source.  The  potential  for  all 
values  ot  n becomes 

n/2 


f,.(w) 


log 


<vn  - 1) 


(4.1) 


In  terms  of  a new  variable  K.  ~ v 


n 


y :>  - \ log  — L 


(4.2) 


It  - 1) 

provides  a single  representation  for  the  potential  of  all  the 
flows  const Jered  here.  We  nay  now  evaluate 


w(C)  - 


mil  L — -i 
2 C - 1 


a* 


nd 


»'<c>  r 


„ *>r  ^ 

^ i i( 


((  - Dir 


l 


(4.3) 


P * T l V A * 5 ‘ r V , . *1  - ' * i "i  * f r. 

.»«  shill  nov  ir-riv*  the  «'  ;uo  t i oris  governing  the  jr  r- 
turhat.cn  potential  in  orJ*.-r  that  it  nay  Satisfy  the  wail 
str'.-anline  b*. uni -icy  condition  uni  t::**  fro*-  surface  cono it  I on. 
All  other  be  uni  ary  conditions  will  then  fee  applied  to  the  solu* 
t i : ns  f these  rerturtati  rs  a*uati  ?r.s  in  crier  to  obtain  the 
fideiasible  perturtat  cr,9* 
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(1)  Wall  streamline  boundary  condition 

The  wall  streamline  boundary  condition  demands  that 
the  perturbation  velocity  have  no  component  normal  to  the 
walls*  This  condition  will  be  satisfied  if 

w 

is  real  on  the  wall* 

We  have  seen  that  in  the  hodograph  plane  the  entire  physical 
flow  is  contained  in  a rector  of  the  unit  circle  of  2it/n 
ra linns.  Let  us  transform  to  a now  variable  ti  = tv0^*  In 
the  q plane  the  flow  is  contained  in  the  upper  half  of  the 
unit  circle  Irj}  < 1 and  the  wills  have  pone  into  the  real  axis 
(see  ri.iure  5).  The  boundary  condition  now  becomes 

v . 

*rr  is  real  on  ^ real. 


From  (2.6)  w 

r w'f  - Z £ = 1?  f . 

W 2w  w 2w  u d f}  dw  * 


her.ce 
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f is  /eai  on 

- i) 

T real. 

Since  the 

cuf-Tf  id  ant 

of  f.._  is  r-al  f^r  real 

- t 

r,t  ve  must  hnve 

< * ,,  * * *.  * 

r«u:  r.  the 

r**al  acts.  This  implies 

that  is  a 

S'/rX-  ■'•  Tic 

r*iri-M  n of 
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have  an  isolated  singularity  at  the  origin,  Hence  f2  can  be 
represented  by  a Laurent  series  in  JrjJ  <1.  Integrating  term- 
wise,  an  operation  which  preserves  symmetry,  gives 


r>  « 7c  log  r}  ♦ P(r,)  - * < arg  q < * . (4,4) 

vh'-ro  F(  q)  Is  an  analytic  function  of  q,  i*o»,  has  a Laurent 

series.  With  the  choice  of  argument  above  f^  is  a symmetric 

function  of  q*  We  note  that  c must  be  a real  function  of  time 

in  order  that  t0  may  satisfy  the  condition  h(b)  of  section  II, 

namely  const. jccy  of  circulation. 

The  basic  flows  for  ail  n have  symmetric  velocity 

distributions*  Hence  the  perturbations  in  the  hodo^raph  plane 

or,  after  the  sy^-so  ry  preserving  transformation  C = vn»  in 

the  C plane,  can  be  decomposed  into  sy <cr.o trie  and  anti-symmet** 

1/2 

ric  components.  Expressed  in  the  q piano,  (q  = 1C  )(  the 
C plane  rymnetry  relation 


bcCos.  z 


a 3 

t'i  (C)  = 1 f?  (C) 

w 


ft  <n>  - ♦ f*  (-  ?) 


as  may  b**  vcrfi 

r. : * * * 1 n s U i 1 

...  -*  - *■  - * * - V 


n rlpur-  . Wjte  th tt  the  5 and  a superscript 
f - r:,  to  th?-  ay '•-*•<**  ric  and  anti- symm- -trie  co»- 
th:  C r I'*nv,  have  already  determined  that 
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Substituting  this  relation  into  (4.5)  shows  that 

$ g 

f*  (ii)  = + f|  (-  n).  (4.6) 

Thus  t0  represents  ft  C plane  symmetric  or  anti-symmetric  per- 
turbatien  depending  upon  whether  it  is  an  even  or  an  odd  func- 
tion of  t\  respectively. 

The  term 


2c  log  t\  - c log  C ♦ ica 

is  symmetric  except  for  the  anti- symmetric  constant  ic*  which 
can  be  absorbed  In  f®. 

2 

C behaves  like  a , Hence  an  even  function  of  q with 

a Laurent  series  development  (a  scries  containing  only  even 

powers  of  f)  ) becomes  a Laurent  series  in  C containing  all 

powers  of  C*  On  the  other  hand  an  odd  function  of  n having  a 

Laurent  series  (ft  series  containing  only  odd  powers  of  n)  looks 
1/2 

like  C * multiplied  by  a Laurent  series  containing  ail  powers 
of  £ when  expressed  in  the  f plane.  Thus  ve  can  write 


e r fs  + f* 
* o 1 -*  * * n 

*-  V.  *- 

f*  - C log  C 

and 

a 1/?  a 

f-v  * r Pa 

w*v  r«'  F3  afa!  rA  are  analytic  function®  of  t*e. , have  Laurent 


As  in 


s*cti?n  III  we  sh*b l ascuae  the  functional  for® 


cf  time  d*p$r,ie uce  of  f^  to  b# 


yyio?/2 


27 


Xt  „ Xt 
e + G5  e 


(4.8) 


Symmetry  of  the  basic  flow  relates  G0  to  G • The  symmetry 
relation  in  th®  holograph  plane  (see  (2.10)),  after  the  synrae 
try  preserving  t ranaTorraatiun  C - wn,  becucnea 


(4.  9) 


Consistent  with  equations  (4,7  - 4,9)  we  can  represent  the 
symmetric  and  anti-syryietric  components  of  G,  and  G_  in  the  for® 

JL  d 

G*  = a log  C + «S(0 
G?  = a log  K * gS<?) 

(4.10) 

G*  = gVj 
C2  ~ * ^^(O 

wh«ro  g and  C”  *'ga  are  analytic  in  K!  < 1 and  a is  a com- 
plex "-nstant.  It  can  easily  te  verified  that  the  forms  as- 
sume! in  (**,10)  satisfy  equations  (‘*.7  - 4,  u). 


(3)  r*r®  * surface  condition 


^ » r v e ‘ 1 r f ^ r;  fi  > f f < n i n ► V\  a m 1 * . **  ( r.  ( “I  1 A \ 

* * »»-  “ » V <•*  t U »•  * »*  * *♦  I-  M « I * J • it  t 1+ ; X J,/  ^ * « V / 


T f - 

^ t , 


(v)  ] = I**  [G  4w)|  on  w w - 1. 


Aft'-r  • rs>r.r  forming  to  the  C pl*ni  this  sennit  ion  become; 


S.  *Gi<c>1  e Hr  rc2(C)1  >n  c - s 1 


where  we  now  understand  L.  to 

\ 


*>  th”  trane f orated  differential 
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operator.  Hov  using  the  symmetry  relation  (4,9)  to  eliminate 


we  o'  tain 


ix  ro®  ( o i = lx  to®  (i)  ] . 


The  differential  operator  in  the  C piano  is  found 


to  be 


Gince  the  symmetric  and  anti-sytmer ric  components 
satisfy  the  boundary  conditions  independently,  wo  can  substi- 
tute the  forms  for  and  Ga  from  (4,10)  lnt<;  the  above  and 
find  the  following  functional  relations 


- r - i 

t-  a JL— - — 

c + * 

* h*(k)  - 2a  f + h3  (1) 

1 * 1 t 

c 

(4.  12a) 

haca  - - hn  U) 

c 

(4. 12b) 

3 3 

ha(r)  r r ga<o% 

(4.13) 

Wa  know  that  in  1 C ! < 1 


am  Hr(i 


f-uct;  ns  of  C*  *ith  this  in  mind  we  can,  by  ffi^ana  of  eria- 
tl-n  determine  that  in  fkj  < 1 h6(0  behaves  like 

' w ~ multiplied  by  an  analytic  funoi !rn  of  k,  while  h*(k) 


behaves  like  an  analytic  function  of  (,  for  convenience  we 
may  represent  these  functions  In  the  foil  owing  manner 
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ha(C) 


h®(C> 


* * > J ak  i—3 o 

► GO  ! f * - l * 


T7?  ^ 

- l/ d k=-< 


[(C  - l)j 


CD 


= - 2a  £-=4  ♦ 22>  bk  ! 

k=»CD  * ' 


Ik 


C * l 


2 

L<C  - i) j 


(4, 14a) 
(4. 14b) 


vh«re  the  constants  and  are  unknown. 

Thy  sc  forms  have  the  tehavior  demanded  above  and  in 

addition  satisfy  (4.12a)  and  (4.12b)  termwise.  Our  aim  is  to 

3 

fini  functions  ga( Q satisfying  the  relation  (4*13)  with 

3 

ha(0  having  the  forms  given  In  (4, 14a)  and  (4. 14b).  To  do 

this,  we  regard  (4,13)  ns  an  inhomogeneous  differential  equa^ 

3 s 

tion  for  ga(f ).  We  note  that  the  inhomo  aeneous  term  ha(C)  is 

s 

known  in  form  cnly  and  hence  the  solutions  ga(/ ) will  retain 
some  arbitrariness  which,  for  a given  problem,  aught,  to  be  de- 
termined by  the  initial  conditions. 

j? 

Knowing  ga(£).  and  G~,  can  then  be  found  from 
(*+,  10) , thus  determining  fo  and  all  other  perturbation  quan- 
ti  ti o s. 


f. 


HUiiL  inaidaox  JLqILZIw* 

The  r«* ofr ic t i-  ns  which  mart  be  placed  on  the 


ro  1 u- 


tncr.c  * f th*»  r - r tnrb  i1 
satisfy  the  nru ir.in- 


‘ rs  *•  .n  in  *»rder  that  they  may 

‘"•-uni ary  conditions  *ir*  derived  in 


« s 


.h»y  nr»*  as 


•wa 


(1>  fh*'  edge  of  the  orifice  ( Z ' - 1). 

The  fr*-*  surface  shall  continue  to  originate  ‘T  im 
th«  *tig«  uf  the  or ifi co,  1.  v. , ~ 0 there 
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ejc-i)  * a,  f£(-l>  = o. 

(2)  Upstream  infinity  (£  = 0). 

(a)  The  perturbation  velocity  to  zero. 

n = 1 gs  and  C*^2ga  are  regular  at  C = 0 

, —1/2 

n ~ 2,4,8,  ...  and  £ ga  are  regular  at  C = 0 

(b)  The  pressure  perturbation  p2  shall  be  zero. 

w 1 a 4 1/2  a 

C g and  C g are  regular  at  £ =0. 

(3)  Downstream  infinity  (£  = 1). 

iio  disturbances  originating  at  downstream  infinity 
shall  be  propagated  upstream  in  the  Jet 

(C  - 1)"X  gS(l)  and  (C  - 1)“X  ga(l)  exist. 


o.  £o.u»  Uaas. jiJLths.  ¥<j&^jlLLq£  J&aaUga 

The  development  of  the  ant  l-symrae trie  and  symmetric 
solutions  of  the  perturbation  equation  (4. lj ) is  carried  out 
in  Appendix  A,  part  II.  Vo  shall  here  use  the  results  of  that 
work. 


(1) 


* n f < 

/V*  t o . 


“trie  solutions. 


t.hv 
ti  i 
a t 


The  general  Torn 
: erturfca*  ion  c ruitlun  v 
i fo  nr  combi  nr*  t i or.  c f f.h** 
articular  In* rrral. 


o4*  the  ant !- symmetric  solution  of 
; 1 i i about  £ r.  o can  be  written  as 
tw--  c o ■*. p ! «■  re ;i  t a ry  s o- 1 u t i on s plus 


- 1 1 ' 
• i t*  ' 1 * 

A*  f * 


^ T - 


■A 


-> 


~r  “H+r  * 


(..  i5) 
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Cl) 


The  integer  R used  to  describe  a solution  g?  is  a 

number  chosen  so  that  Ea  is  the  first  non-tero  Ea  appearing 

in  the  solution*  Admissible  values  of  R will  be  determined 

by  the  application  of  the  regaining  boundary  conditions*  K 
( 2 ) 

and  K are  two  linearly  independent  solutions  of  the  homo- 
geneous equation  developed  about  tho  point  C - 0.  The  partic- 
ular integral  is  represented  by  the  terms 

00 

o sM 
^ Er  K+r  > 


r=0 


where  the  general  term 


r.  n -.  a 


*R+r 


is  a particular  integral  of  the  differential  equation  when  the 

& 

inhomogeneous  side  of  the  ecuation  h (£),  consists  of  the 
single  term 

r _ i ~ t 1-^r 

V*  ^ Lira'll  ’ 

(see  (h«lWa))*  bP  and  Ea  ore  arbitrary  constants* 


i ;i*J 

*;  j 

1 »t: 

on  ( ».  15) 

is  V i id  ur 

the  nearest  sin- 

gul  ur  point, 

i.'- 

• , V 

ithl.n  the 

unit  '‘Ircle* 

lnce  boundary 

conditions  •«  i 

i * 

h . ve- 

- u p 

• i*  d .not  j.ni y 

within  cut  also  at 

p Inis  on  tlic 

liSi 

it 

i ro  i ? w » * 

mutt  ■' 5 fid  coin 

lions  valid  at 

%'nes*'  p inis* 

* 

S Jo 

■M:  VO  J 

tuly  the  in  lie 

ial  equation  and 

h«’n  'v  the  f r 

V \Uv  C ij 

.ot 1 or. 

r ; r >pr la  to  to 

Wit  ^ * i i V 4-  - B 

r*  in.d  ?hon 

rr  .i  trh  this  ' > 

rz  jf  the  solution 

v * * * ’ - 

**-*■*  « s - J.  " 

r J 

r "j  * 

-.ns  the 

t*  { i*  1 ' * ► r»  *>  » 

i * * - > * - y *■ 

r-icoss  of  analytic 

- e * * "i  * * *■ 

A 

* 1 a* 

f : ro  for 

the  particular 

Integral  may  then 
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be  found,  this  method  must  be  continued  until  vre  obtain  solu- 
tions near  all  points  at  which  boundary  conditions  must  b© 
applied* 


(2)  Symmetric  solutions# 

The  general  fora  of  the  symmetric  solution  can  be 
written  in  a manner  similar  to  that  used  in  writing  the  anti- 
symmetric  solution,  Thu3 


= A?t  K(1) 


+ 


no 
^ > 


r=0 


(*+•  16) 


where  the  additional  term  K*  is  the  solution  for  a particular 
integral  of  the  differential  equation  upon  substitution  for 
the  inh  >nogcnoous  pa^t  of  the  differential  equation  only  the 
ton.  -2  a 1 appearing  In  e*pr,E3lon  (4.iVb)  for  h3(0. 


S.  Arollcatjon  of  the  Boundary  Conditions  to  the  Solutions 
The  details  of  applying  the  boundary  conditions  of 
section  C to  the  solutions  of  tho  perturbation  equation  arc 
carried  out  in  Appendix  A,  part  III.  The  results  of  this  work 
are  collected  b.‘low* 


(1)  A X i-sy 'v-tric  perturbations* 

7h«  values  -T  t.no  index  R which  are  f'.und  to  be  ad- 


ci  s- 1 

tic  -Je j -• 

vi  -iron  whether 

•c  lema.nd  that  £ 

b *-  - r - 

F'i lar  at 

r rs  wi  ~ • * y 

■%  • * W t •#  * 

ated  in  bound .ry 

f > %h, 
**  * *,  * J 

.* 1 fj  : . „ 
t € r 

'ul&r  :>t  C * 0 

we  cay  have  R - ■ 

W 1 {■' 

with 

w * g1  r->  rul  .tr  H 

*^y  bo  1,  2f  ■ , 

.1  nr:  ■ we 
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demand  that  both  the  velocity  and  pressure  perturbations  van- 
ish at  upstream  infinity  (boundary  conditions  2(a)  and  2(b)), 
we  see  that  the  value  R = 0 is  not  admissible  even  for  n = 1* 
With  these  values  of  R we  can  meet  all  boundary  con- 
ditions by  satisfying  no  more  than  three  linear  homogeneous 
equations  in  the  unknown  coefficients  A®,  Bj}  and  Ej,  and  by 
restricting  the  values  of  X so  that 

Rf  (x  } ,<  2 - 2(R  + r). 

(2)  Symmetric  perturbations. 

Analogously  in  the  symmetric  case,  demanding  that 

9 

g be  regular  at  C = 0 gives  the  allowable  values  of  R as 

-1  a 

R s 0,  1,  2,  3,  ...  , while  demanding  that  C g be  regular 
gives  R = 1,  2,  3,  ...  • As  before  the  pressure  condition  at 
upstream  infinity  eliminates  R = 0*  This  boundary  condition 
also  determines  that  a = 0. 

Now,  to  meet  all  boundary  conditions  we  must  satisfy 
no  more  than  throe  linear  homogeneous  equations  in  the  un- 
knowns A^,  a.ud  E^.  In  this  case  the  restriction  on  X be- 
coava 

Hi  { \)  < 1 - 2(R  h-  r). 


2\1 hi  l tiy_Q  f - the  li  c_  Flow 

(l)  rtafclllty  t - ant i-syctsr trie  perturbations, 

We  have  found  that  the  application  of  our  br ur.iary 
coniiticns  demands  that  we  satisfy  three  linear  homogeneous 
isUiiii.Rs  in  th*»  unknowns  A^,  3^  and  e\  In  general  ve  are 
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assured  of  a non- trivial  solution  if  we  have  more  unknowns 
than  equations#  Thus  we  can  take  as  a solution  involving  four 
unknown  constants 


gR 


* X(1) 


^ k(2) 


With  this  solution  our  restriction  on  \ 

Ri  {\}  < 2 - 2{R  + r) 
with  R - lf  2,  3,  •*•  , implies  that 

Rl  {X  j £ - 2 

which  would  indicate  s‘able  flow* 

There  exist  any  number  of  other  possible  solutions 
g®  containing  one  or  more  terns  E®  in  addition  to  E*  K^* 

Any  of  these  will  make  M J even  smaller  than  -2, 

There  is  one  special  case  for  which  a greater  R-? 
may  perhaps  occur.  If  it  is  possible  to  satisfy  non- trivially 
the  three  homogeneous  equations  with  throe  unknown  constants, 
then  the  so  lull on 

t,*  - ia  v(1)  + * * i-a  t-a 

"R  **R  " “n  “ ’ “o  “H 

is  admissible  and  gives 
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There  is  another  possible  type  of  solution  ga  which 
satisfies  all  boundary  conditions.  This  solution  consists  of 
the  complementary  solutions,  i.e, , - 0 for  all  r,  and  there* 

fore  h^  = L^[g(Ol  = 0.  In  this  case  the  values  of  X are 
restricted  to 


\ ~ - (2S  * 1)  + \Jl  (2N  + 1)  N = 0t  1,  2,  ... 

n = 1,  2,  4,  8,  ... 

which  gives  R-i  /\j  < 0 for  all  n and  N except  N = 0,  n = 1 
for  which 


V = 


1 - V* 


(2)  Stability  to  symmetric  perturbations. 

In  the  case  of  symmetric  perturbations  we  have  to 
satisfy  thre«  linear  homogeneous  relations  in  the  unknowns 

S3  S 

and  Thus,  if  we  take  as  a solution 


«!  - A?  KU>  4 B*  Kl2>  * 1 I*  I' 
a R R r=0  r H+r 


our  restrict  on  X. 

h'  h\  < 1 - 2(H  + r) 


imp  I i<*s  that 


n l J \ 1 } 


Which  V ill  l.nzic'.te  •:  ••  1 h '•  •? 

-his  case  u 

;f  ->  t;- trivial  sola*  i<-n 


e c::isLJ*r  one  ; os: 


ihility  of  the 


5*  ~ 

it  rt 


a5  rk/  < e.3  ku) 

ft 


"V 


* 
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we  find 


< - 


1 


which  still  Indicates  a stable  flow. 

As  in  the  anti-symmetric  case  them  exists  the  possi- 
bility of  satisfying  all  boundary  conditions  with  the  com- 
plementary solutions  alone  provided 

\ = - P- n *2\j3  N = 1,  2,  3,  ... 

n — 1)  2,  4|i  0 j • 


This  gives  R l f X | 


<0  for  all  possible  choices  of  n and  N. 


g.  cvoainriaqa 

Usually  in  the  solution  of  an  eigenvalue  problem  in 
an  infinite  domain  one  expects  to  find  a one-dimensional  con- 
tinuum of  eigenvalues  \ and  the  sot  of  eigenfunctions  corres- 
ponding to  these  eigenvalues.  The  results  of  the  present 
analysis  have  only  given  upper  bounds  on  the  Rt-  jx  | and  hence 
X has  only  been  restricted  to  lie  in  u portion  of  the  complex 
p] ane. 


-'Uh  one  exce-  * n,  ninety  that  v'  the  Borda  mouth- 
piece (n  - 1),  the  acp!icn*ion  of  ■ he  boundary  conditions  to 
the  solutions  :-f  the  perturbation  f {nation  his  s sown  that  there 
exist  no  non- trivial  odri  ssii le  j —r * ur hat  ions  with  ht  £Xj  > 0* 
V-j  c include  fr.:  this  tno*  the  uer-il i-cJ  orifice  fl  ows  Tor 
n » o,  uf  R,  ...  arc  stable  when  subjected  *■  snail  p»».~turba- 


cusv  ■ f th*.i 


>u 


c. 


f -■»  f r* 


0 * •*  * i 


■here  iaf!2  however 


35307/2  37 

appear  to  be  an  admissible  perturbation,  composed  of  only  the 
complementary  solution  of  the  perturbation  equation,  with 
Rt  ^Xj  > 0*  We  note  that  this  unstable  perturbation  occurs 
for  only  one  isolated  value  of  permissible  X namely  X real 
and  X = - 1 + y'L  Since  we  have  not  been  able  to  determine 
a one-dimensional  continuum  of  eigenvalues  and  corresponding 
elgnef unctions,  i. e* , elementary  solutions,  it  is  not  quite 
evident  whether  this  unstable  perturbation  would  always  appear 
as  a component  of  any  general  perturbation  thus  rendering  the 
Borda  mouthpiece  flow  generally  unstable# 

In  this  section  w©  shall  consider  the  flow  made  up 
of  two  equal  and  opposite  two-dimensl onal  Jets  impinging  upon 
each  other  (see  Figure  7)« 


The  complex  potential  of  the  basic  flow  may  be  found 
from  an  investigation  of  the  nature  of  the  flow  in  the  hodo- 
graph  plane  (see  Figure  B).  The  flow  may  be  thought  of  as 


arising  from  the  presence  of  two  sources  at  v - ± 1 and  two 
sinks  at  w ^ ♦ i,  all  the  same  strength#  With  this  in  mind 
we  car,  writ1*  the  potential  as 


r , 1-,S  , 

0 V*  . 1 


( ’>  i ) 


’>r  ’ nvenicr.ee  »v  shall  sake  a transfore. *. i on 


“ W * 
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In  t^ras  of  the  new  variable  C 


f0(C)  * loe  £-=4  • 


Then 


**  ( q)  - 


it  - X) (C  * 1) 


M.(0 

( r - i)(c  + i) 


(^.2) 


(5.3) 


8.  Derivation  of  Perturbation  J&HaUSfl 

Tho  dlfferontial  equation  governing  the  perturbation 
potential  will  be  derived  by  applying  symmetry  considerations 
and  tho  boundary  condition  on  tho  free  surface.  All  other 
boundary  conditions  will  then  be  applied  to  the  solutions  of 
the  perturbation  differential  equation. 


(1)  Symmetry  and  analytic l ty  considerations. 

In  tho  basic  flow,  as  represented  in  thu  hodograph 
plane,  tho  ima binary  axis  is  an  axis  of  symmetry.  Wo  shall 
first  decompose  the  velocity  perturbations  Into  componrnts 
which  art  syo  ctrtc  and  anti-sym  ■ trie  with  respect  to  the 
imaginary  axis,  F.xj  r .sred  oathoaa'.lcally  ar  a -oundary  condi- 
tion, vc  havo  either 


Case  ( a) 

T il 

V 

t A -4^  # 4 i**  ^ 

w axis  for  the  symmetric 

case,  or 

Case  fh> 

V 

TT*  £ 

af 

f •*  . S*  1 ft  ; P*»»  :**#-• 

ia.it i:\.iry  w axis  f , r the 

ant i-sycr  trie 

v«-i ,“.no  the  lot  il '•=>:  icn  of  th--  aS'sy-j  *?ith 


Ut  us 
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respect  to  the  fora  of  the  perturbation  potential.  For  con- 
venience we  shall  define  a new  variable  v by  the  transformation 


v = iw. 


Since  £ - v**  we  have  hi  so 


v = iC 


From  equation  (2.6)  we  have 


= w'f-, 
w 2w 


whicn  becomes  in  terms  of  v 


~ 1 fo  f - • 

w u 2v  dw 


Uoon  substitution  we  find 


y„  , 2 . % , 2 

_?  - (V  + I V - 


(5.4) 


with  transformed  boundary  conditions 


case  (a)  —a  real  on  v real 

w 

v 

case  (b)  — £ pure  Imaginary  on  v r«al. 

V 

Since,  in  the  coefficient  of  f*,  is  real  on  v real, 

the  s*  eond  i 1 1 : r.s  imp  ly 


case 


,s  a syver rlc  function  of  v 


pe  • b ) 


f v is  an  a.;t i- sty-- **•  r? •?  r'v\  * l :n  of  v 


•o  r •x.  * - . . a.  «*.  » . m i ^ fi  *.  4 3 ! 


>-'ji  or  funs t i on  in 
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i vi  <1.  We  shall  insist  that  the  perturbed  flow  also  be  regu- 
lar all  regular  points  of  the  base  flow.  Hence  after  inte- 
grating f2v>  which  operation  preserves  symmetry,  we  still  havs 

case  (a)  f^(v)  is  a symmetric  ami  regular  function  of  v 

«L 

case  (b)  f^( v)  is  an  anti-symmetric  and  regular  function  of  v. 

The  basic  flow  has  a symmetric  velocity  distribution 
about  the  real  axis  and  the  results  of  section  II  allow  us  to 
decompose  our  perturbations  into  symmetric  and  anti- symmetric 
perturbations  with  respect  to  the  real  axis  In  either  the 
hodograph  plane  or  the  transformed  C plane.  In  all  further 
expressions  the  symmetric  and  ant l-synwretric  notation  will 
refer  to  properties  in  the  f plane. 

Case  (a)  f2(v)  a symmetric  function  of  v implies 

r2tv)  * f~(7).  (5.5) 

The  .symmetry  relation  in  the  T plane  states  that 


5 
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represented  by  an  even  or  odd  function  of  v respectively. 
Sine e v©  know  f2(v)  is  a regular  function  in  |v|  < 1 we  can 


write 


« 2n 

f|  (v)  - \ anv 
* n=0 

a ^ 2n*l 

f?  (v)  - ZC  b v 


(5.6) 


n=0 


Since  v and  C are  related  by  C “ - we  have 


r|  <o  * Ji  «;cn 

2 n=0 

f?  ( o = C1/2  jf.  b„Cn 

2 n-0  n 


(5.7) 


implying  that  (O  and  C1/2  f®  (O  are  regular  functions 
of  C in  I Cl  < X. 

Ve  assume  the  usual  form  for  time  dependence 
s . . s 


f*  = Q*  (OeU  ♦ G*  (t) 
2 i ^ 


G and  may  be  related  by  using  symmetry  of  the 
1 ^ 


bri s i e flow  giving 


s s _ 

(O  = c?  (C). 


0,  find 


Consistent  with  the  above  equations,  we  say  define 
_ i'\  tho  following  manner 

i " 


a\  = e!  (O 


•s  ("i 


(5.8) 


a - u / * \ 

^ 7 * * % 'W 


..  ..  a 


35307/2 

where  g9  <£)  arc!  £-l^2ga  (£)  are  regular  functions  of  C in 

ICI  <1. 

Case  < to)  Applying  similar  arguments  we  find,  omitting  the 
detailed  steps, 

C®  = gs  <C) 

g|  = gs  CO  (5.9) 

Gx  = g <C) 

"(?) 


where  now  C"1//2gS  (C)  and  ga  < C 3 are  regular  functions  of  C 

in  ICI  <1* 

(2)  ?'roe  surface  condition 

In  a rsamer  similar  to  that  of  section  IV,  the  'res 
surface  boundary  condition  demands  that  the  symmetric  and  anti* 
symmetric  perturbations  of  equations  5. 3)  end  (5.9)  satisfy 
an  Inhomogeneous  differential  equation 


L.  [f4  iUl  - h*  (C) 

A 


rh.-ro 


hS  (d  = hs  (I) 

r 


ha  <c>  = - h°  (JL)  . 


<5.  lo) 


The  differential  -'or  g2  (C)  vii  g'*  <t)  of  case  (b) 

are  ido  itlc.%1  *n  r or-  w i th  (r»  10}  av  eve. 

Tne  *1  f '‘•.rent lal  op-rat  »r  L,  in  the  ( pl-nc  l-vouavs 

A 


V 
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c*  Other  Boundary  Conlltiojia 

The  remaining  boundary  conditions  which  the  solu- 
tions of  the  perturbation  equation  must  satisfy  are  derived 
In  Appendix  B,  part  I.  We  iiall  merely  collect  the  results 
here.  They  are 

(1)  At  C - 0.  We  insure  the  previously  determined  be- 
havior of  g9  and  ga  by  demanding  that 

case  (a)  gs  and  C“1>/2gS  are  regular  functions  of  C as 

C — >0. 

case  (b)  C'^^g3  and  ga  are  regular  functions  of  t as 

C — ) o. 


(2)  Upstream  infinity  (C  = l). 

(i)  The  perturbation  velocity  vanishes 

s 

case  (a)  and  case  (b)  11a  ( K,  - l)ga  - 0. 

C — C 

(ii)  The  perturbation  pressure  pn  vanishes. 

L. 

c 

case  (a)  and  case  (b)  1 ia  ga  = 0. 

C'  :>i 

(})  Downs  treat;  infinity  (£  r - l). 

Ho  disturbances  orogin-ting  at  downstream  infinity 
shall  te  prpug&tn!  upstream  in  the  jets. 

cast-  <al  and  ca.o  (t)  lim  (?■*!)  V*  exists. 

c —*  t 

t.  cf  the  i\  rt  irbar!  .-n  Ed  .or  .Inn 

Tr.>  o tailed  i .rl vat  .on  p*  the  l;t.r-ns  of  the  pe 

Jij.)  I « c ** r *• I r- d 
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II.  The  results  of  this  work  are  used  here. 

Case  (a)  (1)  anti- symmetric  solutions. 

As  in  section  IV  near  C = 0 we  may  write  the  complete 
solution  of  the  differential  equation  governing  the  anti- 
symmetric  perturbations  as 

g*  r A®  K(1)  * Bg  Kl2)  + Ju  £®  (5.14) 

where  and  are  the  linearly  Independent  solutions  of 

the  homogeneous  equation  developed  about  C = 0,  and  the  terms 
in  the  summation  represent  the  particular  integral.  The  in- 
dividual terms  of  the  sum-nation  4 Xrt  represent  the  solution 
for  a particular  integral  with  the  inhomogeneous  term  ha(£) 
in  (5*10)  replaced  by  the  single  tern 


(see  (5*12)).  The  significance  of  the  index  H,  which  is  an 
integer  used  to  denote  the  solution  gj|  has  been  explained 
previously  in  section  IV. 


35807/2 


( 5. 10)  is  replaced  by  the  single  term 

r,r  ,.2"]R+r 

bD  , iLa-U,  I 

R*r 


O J * 

(C  * l*  J 


(see  Ct»- 12) )* 
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Case  (b)  The  solutions  for  the  symmetric  and  anti- symmet- 
ric solutions  of  case  (b)  differ  only  In  minor  detail  from 
those  given  above  and  vlll  not  be  written  explicitly.  They 
may  bo  found  in  Appendix  3,  part  II. 


E.  Application  of  the  Bo ’md ary  Conditions 

The  details  of  applying  the  boundary  conditions  to 
the  symmetric  and  antl-sy*nr.otric  solutions  of  the  perturbation 
equations  ror  case  (a)  and  case  (b)  are  carried  out  In  Appen- 
dix 3,  part  III,  We  3hall  examine  here  the  significant  re- 
sults of  this  work. 

We  note  first  that  syor.etric  or  anti-symmetric  solu- 
tions, made  up  of  only  the  complementary  solutions  of  the 
perturbation  equation,  can  easily  be  shown  to  be  non- trivial 
only  If 

Rl  { X j <0. 


This  result  h^l’s 
*6  shal 1 

e ■_  r.  lit  ions  t r the 
tain  in?  terr*s  fr^r 


for  iioth  case  (a)  ruvd  case  (b;, 
now  ilscuss  the  applies- ion  of  the  boundary 
s ■ lu*  ions  of  the  j-.'-turhetion  equation  eon— 
the  particular  integral, 

A ti-sy-nelri;  solut:  ...ns. 


Applying  the  boundary  roniitiofi  £ ~ 0 yif-ids  two 
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linear  homogeneous  equations  that  must  be  satisfied  by  the 
unknown  coefficients  3^  and  Ej# 

As  a result  of  applying  the  boundary  condition  at 
C s - 1 ve  find  that  V and  the  index  R must  satisfy  the  in- 
equality f ^ 

2R  ♦ Hi  j-  £ - 1* 

The  boundary  condition  at  C 5 1 specifies  that 
ga(-l)  s 0*  A consideration  of  the  behavior  of  the  various 
terms  of  the  solution  shows  that  the  boundary  condition  may 
be  satisfied  in  several  different  manners  depending  upon  the 
relative  magnitude  of  R and  RJ  «{x  ^ • If  we  examine  all  pos- 
sible situations,  noting  that  at  the  same  time  the  Inequality 
between  R an d RJ  , found  from  the  boundary  condition  at 
f = - i must  always  hold,  we  find  that  in  any  non- trivial  sol- 
ution capable  of  satisfy ing  r.ll  boundary  conditions 

w.  {x}  <0. 

(2)  Sysnetrlc  solutions. 

In  the  case  of  the  symmetric  solution,  the  boundary 
condition  at  C s 0 will  bo  satisfied  provided  and  B® 
satisfy  a sin'ic  ! inoar  ho*3o  gene  jus  equation*  Th*;  coefficient 
is  ns  yet  arbitrary* 

Thf  inequality  between  r.  and  P.-t  £>.  j resulting  from 
applying  th«-  v,-"*\indnry  <*onl  ition  •'t  * ~ - 1 in 

2 h * Hi  i\  f cl-  2r_,_ 
t.  j — sax 

wiix-rc  _ Is  th,  gr*v*test  r for  wy.ich  Ef  is  net  rero.  As  yet 
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the  boundary  conditions  have  yielded  no  information  concerning 

the  least  value  of  r_a„  for  which  a solution  will  be  non- 

a ax 

trivial* 


Proceeding  to  the  boundary  conditions  at  C = 1 we 
find  we  oust  again  investigate  several  possibilities  depending 
upon  the  relative  ma3nitudes  of  R and  As  opposed  to 

the  anti- syrme trie  case,  we  now  find  one  possibility,  with 
rn»ax  = ^ aiSd  coefficients  A^,  and  E*  satisfying  a lin- 
ear homogeneous  equation,  for  which  there  exists  a solution 


with 


0 < KJ  {\}  < 1 


corresponding  to  the  index  H = 0.  We  seem  assured  of  a non- 
trivial solution  fer  the  coefficients  A^,  and  E®  since  we 
nust  satisfy  only  two  lino. nr  homogeneous  equations  in  these 
three  unknowns  (one  arising  from  the  condition  at  C = 0,  the 
other  from  the  condition  at  C - !)•  All  other  possibilities 
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The  investigation  has  shown  that  non- trivial  symmet- 
ric perturbations  with  1 > R-t  ^X  J > 0 exist  in  case  (&)• 

Since  this  range  of  X,  with  positive  real  part  greater  than 
sero,  covers  a strip  of  finite  width  in  the  complex  X plane, 
one  oi^ht  expect  that  a general  disturbance  would  be  unstable* 
We  note  that  case  (a)  corresponds  to  a flow  for 
which  both  the  steady  and  perturbed  velocity  has  a sero  com- 
ponent normal  to  the  imaginary  axis  in  either  the  physical 
plane  or  the  hodograph  plane*  In  effect  case  (a)  may  be 
thought  of  as  the  Impinging  of  a finite  jet  on  an  infinite 
plote  or  wall*  It  will  be  of  interest  to  compare  the  results 
of  case  (a)  with  those  of  the  next  section  which  will  discuss 
the  stability  of  a finite  Jet  Impinging  on  a finite  plate. 

Of  special  interest  will  be  the  limit  case  when  we  permit  the 
ratio  of  plate  width  to  jet  width  to  tend  to  infinity* 

r'-i?ept  for  the  unstable  perturbation  discussed  above, 
our  analysis  has  shown  that  all  other  admissible  perturbations 
have  R-i  <0  and  hence  are  stable  perturbations* 

V I . 1st  ..I  gut  aging  J2&.1  >hnlU  Elate 


In  this 
a flow  over  ob 
of  a Jet  cr.rin.it 
of  '"!il to  width  ( 
ins  tho  upp'-r  and 


section  we  shall  consider  the  stability  of 
s'ac’o*  The  pvtieulir  flow  choaon  is  that 
liir  at  infinity  irj.inging  normally  on  a plate 
Slr-jm  9)*  Asymptotically,  the  J *--ts  I'Jay- 
lov  -r  »•  1 g**s  c i the  he  corny  straight 
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Initially  the  authors  intended  to  consider  the  stab- 
ility of  the  cavitated  flow  conf iguration  produced  by  a finite 
plate  placed  normal  to  the  free  stream  direction  of  an  origi- 
nally uniform  stream  (Helmholtz  plate  problem).  The  effect 
of  the  finite  plate  Is  to  leave  the  originally  uniform  flow 
at  upstream  and  downstream  Infinity  unchanged.  In  the  hodo- 
greph  plane  this  results  In  mapping  both  upstream  and  down- 
stream infinity  into  a single  point  and  ono  is  faced  with  the 
problem  of  applying,  at  a single  point  in  the  hodograph  plane, 
boundary  conditions  pertaining  to  completely  different  points 
of  the  physical  rlane,  f'ro.m  a mathematical  point  of  view  the 
effect  1;  to  givo  rise  to  an  irregular  *•  Insular  point  in  the 
perturbation  differential  equation. 

In  trying  to  find  relations  to  this  problem  an 


attempt  was  male  to  differentiate  between  upstream  and  down- 
stream infinity  by  artificially  re para ting  slightly  the  source 
end  -Ink  roj r • renting  those  points  In  the  kodegraph  plane.  It 
was  then  r--'ill-ed  that  this  could  be  done  In  a straight  for- 


ward na; 


general 


n p ► >y 

f->ble 


considering  the  limiting  case  of  a much  more 
, n.'usoly  shut  of  a J ■'•t  impinging  on  a finite 


plate. 


lo  flow  joton^iil  is  most  readily 


/v,  o . i 1 *P|  v o « _rn_M 

^ .J’  P'  + w.  - * -»  r* 

1-  t-  rr. tr.jl  civ-  b go  : h r \ in*  , ( sv?  /igure  10),  where  the 
flow  r.r.y  **.  . \t  f .0  h-ving  or l sen  from  the  presence  of 


'..if  i « . I V-  A . , w i 


1 mi  sin.-.s  o r strength  # on  the  unit 
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circle  at  w = * a and  4 a (where  argument  of  a = 0,  the  jet 
inclination  at  downstream  infinity),  ^rom  the  above,  we  can 


find 


f (W)  = i0g  2T,Jg — rr 

(w 2 - a2)(w2  - a2) 


(6.1) 


After  a transformation  £ = w the  potential  in  the 
£ plane  becomes 

2 

r (C)  = log  — (6.2) 

0 (C-bHC-'E) 

2 

where  b = a . Then 

{2(C  - b HC  -*)-«-  DC (C  - b)  4 (g  . b)]> 
(f  - 1)(C  - b)(C  - b) 


u(C)  = 2 C 


(6,3) 


and 

w’(C)  = 2 - 


2(C>b)2(C-b)2-(C>l)2 


[(C-b)24(C^)^ 

-b)+(£-b) ) j 


(C-lMC-bXC-b)  L2(C-b)(t-b)-<C-l>[<C* 

(6.4) 

The  asymptotic  inclination  of  the  downstream  Jets, 
as  characterised  by  a parameter  fi  ~ sin  9,  can  be  related  to 
the  dlsiensicnloss  ratio  (d/D)  of  plate  width  to  original  Jet 
width.  Tnla  can  be  accomplished  by  considering  the  Integral 

Ri/D) 

n 

i dl  = i (i). 

.1  ^ » 


In  terms  of  r,  do  graph  variables  we  car.  write 

Of 


Q £ '4  ( -y  mX  ) <lW 

V 4V 


3 we  ha  vo 
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*(d/D) 

n 


-i 


d*  - i i hs21  au 


*<!>• 


2*ow  using  expression  (6.1)  for  fQ,  which  invoi/es  the  unknown 
sink  position  a,  we  finally  arrive  at 


(6.5) 


The  Holt  cases  {3  » 1 and  fi  - 0 correspond  to  the 
impinging  of  a Jet  of  finite  width  on  an  infinite  plate,  and 
the  inpinging  of  an  infinite  stream  upon  a finite  plate 
(Helnhols  plate  problem)  respectively.  These,  in  turn,  corres- 
pond to  -taking  the  sink  position  a approach  1 or  + 1 respec- 
tively. The  steady  state  fora  of  the  potential,  (6.2),  in 
these  limiting  cases  goes  over  into  the  known  forn  of  the 
potential  with  d/D  = cd  or  0 respectively.  Care  must  he  taken 
in  arriving  at  the  proper  limit  for  the  Helmholtz  plate  prob- 
lem since  no  simple  source  sink  configuration  results,  but 
rather  one  male  up  of  a quadripole  and  a doublet  at  v - ♦ 1. 


& SerlY* t ion  of  ftUQjL.£fl.H&U£Q 

(l)  .’alt  strf'a*Hne  conJitlon* 

Tho  y condition  on  the  imaginary  axis  (map 

of  the  plate)  in  thy  w piano  is  that  tho  perturbed  flow  have 

no  com;  rjnvjnt  cereal  *o  th*»  axis. 

We  shi! 1 transform  from  tho  holograph  piano  w to  a 
new  p lane  \ ty  z.<  \ z ■ f tr.e  relation 


r\  - i y . 
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This  transfoi  mation  merely  rotates  the  Image  of  the  plate  onto 
the  real  axis  in  !nl  < 1*  The  boundary  condition  will  be 

satisfied  if  w 

-2  Is  real  on  n real, 
v 1 


evaluating  w^/w , we  have  that 

r,(n2  + D(n2  * b)(n2  + b) 

— — — ~ t 

2n2  |2(n2  * b)(n2  * b)  - (r)2  + i)[(n2  ♦ b)  * (n2  ♦ b)]} 

must  be  »*eal  on  n real.  Since  the  coefficient  of  f~  in  the 

2n 

expression  above  is  itself  real  on  q real  we  infer  that  f2fj 
oust  be  real  on  r,  real  and  hence  a symmetric  function  of  rj. 
The  basic  flow  Is  everywhere  regular  in  I rj!  <1  from  which  we 
can  deluce  that  f^  is  both  a regular  and  synr.etric  function 
of  1 In  |»jl  < 1.  After  integrating  f,,  we  find  f2(rj)  is  a 
regular  and  symmetric  function  of  rj  in  1 r| i < 1,  i.  e.  , 


f -.( H)  = T?(Tp  . 


(6.6) 


(2)  Syr  Tie  try  and  anilyticity  considerations 
Tr.o  basi  r 1 ?v  ic  synsotrlc  In  the  C plane, 
wo  say  decmphse  the  r erturbati '.no  Into  py  v>.  trie  and 


Hc.nco  , 
outl- 


ay rs=  c* trie 
pro  is-  d by 


n- 


5. 


.)  - 


ry  In  the  C pl^ne , which  is  ex- 


b C . Sc  S 


5 * * *.  r?  r* 
r ^ “ "ts 


‘.V  ‘ of  rj 

r 

-i 

* r - 
1 J ‘ r 


relation  {&•  61  ha vo 
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ft  (n)  * ± f?  (-  i)>» 


(6.7) 


Thus  a c plans  symmetric  or  anti- symmetric  perturbation  la 
represented  by  an  even  or  odd  function  of  r\  respectively,  and 
we  can  write 

a 2n 

f = anij 

0 

0D  2n^l 

f*  = z.  b n . 

0 n 
A 

Since  C r * those  relations  transform  in  the  C plane  to 

f|  ?5<0 
fa  . ^1/2  pa(c) 

where  F*  and  P®  are  regular  ^motions  of  ^ in  j Cl  < 1* 

We  shall  assune  the  form  of  the  f2  time  dependence 


as 


f2  * G1(OeXt  ♦ G2Cc*V 


In  addition  wo  Lnow  that,  duo  to  syne  try  of  the  basic  flew, 
we  have  the  relation 


0?  (O  * ♦ C?  (C>. 


(6.  B) 


Consistent  with  th.  nbo  wo  may  define 


G3 


= fs(C) 


,.3 

vi  * 


.a 

U 

JL 


r<?) 

«*(C> 


(6.9) 


J*  »"T. 

- s~*vc> 
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where  g3  and  C~1/<2ga  are  regular  functions  of  £ in  |£l  < 1. 

(2)  Free  surface  boundary  condition 

For  a syrrretric  basic  flow  the  free  surface  condition 


K t«f  «»■  \ to;  <J»i 


(6. 10) 


The  Torn  of  the  differential  operator  in  the  £ plane  is 

L (0(0 , . ?C(C-i)(g.b)(C-S)  / 


+ \0 


L[G(0]  = ^ q 

K 2(C-t)r-b)-(/-l)[(C-b)-(C-b)  ] L ^ 

f( C-\ MC-b ) ( b ) +4 xr  {2_r(r-b)(c-b)-(r-i)r(r-b)-»(r-b)  ]> 


2CC-l)(C-U(C-^) 

2(c-b)(r,«<5)-(c«i)r(c-b)->(c-b)  i 

CCC-i)(C-b)(C-b) 

?!  c-b)2(  t-b)2-(  t-i  )2  f(  f~b)2+i'  r-b)2 


(c-i)2(;-b)2r.-b)2 


_ r \ 

2 ! I 


. x{2(c-b)(c-b)-(c-i)[(,:-fc)*(t:-b) ].r  j \ 

' - “ j r \ ve  1 1 / 


(C-D2(C-b)2(C-b)2 


JF 


If  -/e  '•atstttute  in  (6.  1C)  the  fjrns  for  G^  and 
C® , ve  arrive  at  the  f cl  Moving  rel,«t.  inns 


hS(0  r h*(i) 

c 

hVj  = “ h*(i) 

r 


(6.12) 


hRlO  = Lk  [ga(0  ] 


(6. 13) 
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The  for®  of  the  differential  operator  and  our 
knowledge  of  the  functional  behavior  of  g3  and  ga  in  I Cl  < 1 
together  with  (6. 13)  shows  that  in  tCl  < 1 h8(C)  is  a regular 
function  of  C and  that  ha(C)  behaves  like  X^2  multiplied  by 
a function  with  & simple  pole  at  X.  = 0.  For  convenience  we 
shall  represent  hs  and  ha  in  the  following  manner 


ha(C) 

hS(C) 


CD 

= t-zJL  S a. 
^2  k=-oo  * 


JJLs JL2 


2 nk 


00 

S \ 

k=- jo  K 


(C  - b)  (C  - b). 

2 Ik 


IL-sJi 


(C  - b)(C  - b) 


(6.14a) 
(6. l4b) 


S A 

with  a.  and  b.,  unknown  constants.  These  forms  for  h and  h 
k k 

possess  the  required  behavior  in  j£|  < 1 and  in  addition  sat- 
isfy the  functional  relations  (6.12)  te~HVlse. 


c.  Other  Boundary  Condi  tl-Qna 

The  remaining  boundary  conditions  are  derived  In 


detail  in  Append 1 x C , pert  I.  They  are 

(1)  At  £ = C.  'e  insure  the  previously  determined 

3 

be.uavicr  for  ga  bv  deadend  ing  tha*. 

gS  and  XT^^t*  ere  regular  functions  of  C as  C* — ) 0. 

(2)  At  the  edges  cf  the  plate  (C  - - 1). 

The  p « rt ur  ^l  'ree  surface  shall  continue  to  origl- 
ni*«  a*  the  edges  cf  the  plate,  i.c • , = 0 there 

(-1)  - 0. 
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(3)  Upstream  Infinity  (£  * 1)« 

(a)  The  perturbation  velocity  Wj  s 0 

s 

Urn  (C  - 1)  g®  * 0. 

£—41  C 

(b)  The  perturbation  pressure  = 0 

9 

liO  g®  * 0, 

C — i 

(4)  Downstream  Infinity  (C  s b or  b). 

The  Jets  leaving  the  edr'es  of  the  plate  behave 
asymptotically  like  straight  Jets.  No  disturbances  originat- 
ing at  downstream  infinity  are  propagated  upstream  In  the  Jet 

\ _ _ *v  ? 

Ha  (f  - b)  *gs  and  lini  (C  - b)  *g*  exist, 

C-4fc 

D.  Complete  Solutions  of  the  Perturbation  SamUflD 

The  details  of  writing  the  complete  symmetric  and 
anti- symmetric  solutions  of  the  perturbation  equation  are 
carried  out  in  Appendix  C,  part  II.  *Ve  can  now  write  the 
fons  of  the  complete  solutions. 


(1)  Anti- symmetric  sotut-ons 
The  l^te  anti-sysmfctf 


solution  nvar  C 


a 


K(1) 


- K(2)  «•  £® 

r=0 


'H 


4r 


= 0 la 

(6.15) 


whore  A®,  9®  ani  E.®  are  unknown  c 
ar*?  the  complementary  soluti 


Tho 


term 


**r 


.-a 


? * 
A w 


a 


r * v»  I 

j u - • w a * 


ar 


efficients  and  and 

ns  developed  about  C - O. 
ntfipral  of  (6.1 3)  with  h®(0 
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.a  _ C - 1 . r (C  - l)2  lR+r 

^ *«-  . b)(c  . T!)J  ’ 

(2)  Symmetric  solutions 

The  complete  symmetric  solution  is 

*R  “ *S  K<1>  * »5  K<2>  * Er  *S*r  (6‘l6) 

where  a|,  and  Ej  are  unknown  coefficients  and  E|  K^+r  is 
a particular  integral  of  (6.13)  with  h9(C)  replaced  by 


The  application  of  the  boundary  conditions  to  the 
solutions  written  above  (see  Appendix  C,  part  III  for  de- 
tails) yields  the  following  results. 

It.  can  readily  be  shown  that  there  are  no  non- triv- 
ial solutions  nade  up  cf  only  the  *:eros  from  the  complementary 

solutions  (i.e,t  E®  or  E3  zero  for  all  r)  capable  of  satisfy- 

r . r 

ing  all  boundary  conditions. 

Seeing  admissible  perturbations  among  the  solu- 
tions containing  terns  of  the  particular  integral  yields  the 
f oi lowing 


(1)  Anti- syrre** trie  solutions 

The  boundary  conditions  at  C r - 1 and  C = 0 demand 
that  a total  of  three  linear  homogeneous  e^u^ lions  be  satis- 
fied in  the  'unknowns  3^  arid  E^, 
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The  boundary  condition  at  C = b or  C = b (both  give 
Identical  information)  will  be  satisfied  if  H and  X satisfy 
the  inequality 

R * Rt{v)  < 1 - >•„„  . 

One  of  the  linear  homogeneous  equations  noted  above  involves 

only  the  ’inknovns  E*  and  moreover  the  coefficient  of  E«  is 

r w 

non-rero.  If  rnajc  - O we  would  have  E*  = 0.  Since  we  have 
assumed  E®  / 0 ve  can  set  1 as  a lower  bound  for  r>TIAy  making 
the  inequality 

R + Hi  (X]  < 0. 


The  boundary  condition  at  ( = 1 may  be  satisfied  in 
several  different  aaniers  depending  upon  the  relative  magni- 
tude of  R and  R t JX^*  Examining  ail  possibilities  we  find 
that  consistent  with  the  requirements  of  the  other  boundary 
conditions  all  non-trivial  solutions  have 

at  -[X  j < 0. 


(2)  Symmetric  solutions 


In 

C - - 1 give 

isfled  bv  A;?, 

n T 


this  casv  the  boundary  conditions  at  C = 0 and 
only  tvo  1 lnear  homogeneous  equations  to  be  sat- 


The  i nc-qual  Ity  f' rani  by  applying  the  boundary  con- 
d i ti on  at  f - b is 


' * hi  tX>i  1 - r,.x  • 

‘he  form  of  i:w  linear  homogeneous  equations  above  are  -vow  not 
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Again  the  boundary  condition  at  C * 1 o*y  be  satis- 
fied in  several  ways  depending  upon  the  relative  magnitude 
of  R and  R-t  |x^  • An  investigation  of  one  of  these  possibil- 
ities shows  that  if  a third  linear  homogeneous  equation  is 
satisfied  by  AjJ,  a r*3  S®  with  = G,  then  there  exist 

admissible  perturbations  with  R-t^Xj.  > 0.  However,  we  would 
then  require  three  linear  homogeneous  equations  to  be  satis- 
fied non- trivially  try  the  three  unitnowns  A^,  and  E®,  This 
would  require  that  the  determinant  of  the  coefficients  be 
equal  to  zero.  These  coefficients  appear  to  be  'unrelated  and 
It  seeras  improbable  thi*  their  do  ter.*' inant  is  zero*  It  doe-3 
not  seem  feasible,  however,  to  evaluate  the  coefficients  in 
closed  form  In  order  to  demonstrate  this  fact  mathematically. 
Assuming  the  determinant  to  bo  non- :ero  Implies  that  rmax 
must  be  greator  than  s.ro*  This  strengthens  the  inequaltly 
found  at  C - b and  we  can  then  show  that  no  admissible  per- 
turbations have  Rf.  ^Xj  > 0, 


F.  Conclusions  as  to  the  CtnbllUy  of  the  Basic  Flow 
Although  wo  have  not  found  a ono-dimensional  con- 
tinuum of  eigenvalues  X,  o'ur  present  analysis  has  been  able 
to  restrict  the  possible  values  of  X to  be  completely  in  the 
left  half  of  the  complex  X plane*  This  shows  that  any  ad« 
miaslble  perturbation  has  ,Rf  ^Xj  < 0 and  v«  conclude  that 
a jet  impinging  norma. ly  upon  a finite  plate  gives  a neutrally 
stable  or  stable  flow  conf lgurat-cru 


The 


result; 


Wft  *4  tt. 


si 3 are  valid  for  any 
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finite  but  non-?cro  rrtio  of  plate  width  to  jet  width  (d/D). 

By  asking  this  ratio  as  saa!  1 as  we  please  wo  can  consider  the 
flow  of  a Jet  oT  arbitrarily  groat  width  past  a finito  plato. 
But  this  is  a proper  physical  Interpretation  of  the  Helmholtz 
pl^to  problem  since  one  never  has  a truly  infinite  stream  In 
reality*  From  this  point  of  view  the  stability  conclusions 
reached  in  this  section  apply  to  the  Helmholtz  plate  problem# 

On  the  other  hard,  wo  find  a different  situation  if 
wo  make  the  ratio  (d/D)  very  large  but  still  finite#  In  this 
case  the  point  t = - i continues  to  be  an  ordinary  point  of 
the  perturbation  differential  equation  and  the  boundary  condi- 
tion Zy  - 0 must  always  bo  satisfied  there.  Hovevor  if  one 
actually  sots  d/D  = ao  the  basic  flow  of  this  section  ^ocs  over 
exactly  into  the  basic  flow  of  case  (a)  of  section  V#  .'tow 
the  point  t = - 1 Is  a regular  singular  point  corresponding 
to  upstream  infinity  and  the  boundary  condition  z,  = 0 no 

J. 

longer  applies#  A rt examination  on  the  work  of  tho  present 
section  will  show  that  it  was  the  nr.  r ;nce  of  this  additional 
boundary  condition  which  prwclud.-d  the  .xlsta  »ce  of  any  non- 
trivial unstable  p*.r  tursat  ions#  Thus,  iz  far  ns  stability  Is 
conc..rn,‘d,  th**  limiting  c a:;-  (d/D)— corresponding  to  tho 

impinging  of  n finite  J .t  on  a pi  :tc-  of  extremely  largo  width 
does  not  approach,  the  oas«.  of  a J<  t imp  firing  on  a truly  infi- 


va.  i 


' ,-i'lch  in  turn  r jr  svnts  i sp.ri-1  case  (case  (a) 
f tvo  .q-nl  rnd  op,*  or  it  j.-tr, 


section  V) 
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VII,  Concluding  R marks 


This  report  has  presented  the  results  of  an  inves- 
tigation Into  the  stability  of  four  types  of  two-dimensional 
free  surface  flows  of  an  ideal  fluid  when  subjected  to  small 
perturbations. 

The  porturbations  of  a hollow  vortex  flow  bounded 
by  cylindrical  walls  were  shown  to  bo  neutrally  stable  and  the 
propagation  of  these  disturbances  was  compared  with  the  pro- 
pagation of  gravity  waves  in  water.  The  impinging  of  a Jet 
on  a finite  plate  was  found  to  be  a stable  flow  conf iguratlon. 
In  the  case  of  a series  of  orifice  flows  all  perturbations 
were  found  to  be  stable  with  the  exception  of  an  Isolated  un- 
stable perturbation  of  the  flow  through  a 3orda  mouthpiece. 

The  existence  of  unstable  perturbations  vas  indicated  in  the 
case  of  impinging  equal  and  opposite  Jets. 

At  low  and  .‘saves  have  previously  shown  In  [1]  that 
certain  slap  1 lfi cations  are  possible  ‘-hen  the  basic  flow  has 
a syrretric  v^l^clty  d i s ' rib  it!  on.  The  only  ant i-sy~:r-r trie 
problem  treated  in  this  report  was  the  y hollow  vortex. 

In  the  course-  of  the  investigation  the  authors  attempted  to 


tfuat 

the  perturbations 

vf  a hollow 

vortex 

bounded 

pl*ne 

vails  as  an  aid  it 

ona I exasp 1 o 

of  an 

antl-sy 

basic 

flow.  In  this  C3j 

o,  however, 

the  La 

sic  1 ow 

was  frond  a:  nr.  ex&res-*  on  inv;>lvlnr  elliptic  functions  *snd 
the  complexity  of  t tit=  resulting  ex:  r«*ssions  ’rvooe  a solution 
intractable. 
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In  the  remaining  problems  the  method  of  attack  used 
in  this  report  did  not  result  in  the  determination  of  a one- 
dimensional  continuum  of  perai ssible  eigenvalues  and  corres- 
ponding eigenfunctions,  but  rather,  only  gave  upper  bounds 
on  As  a consequence  it  has  not  been  possible  to  form 

any  sort  of  s^t  of  elementary  perturbations  capable  of  gener- 
ating a general  perturbation  through  a process  similar  to 
Fourier  integration* 
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z0  plane 


(a)  n * X 


z0  plane 


* ► 


(b)  n * 2 


(c)  r\  * U 


Fig.  3 
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(a)  n = 1 (b)  n 3 2 

vQ  plana 
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r)  plane 


Fig.  5 
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\ 


Fig.  9 

v0  plane 


10 
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Appendix  A 

Generalised  Orifice  Plow 


Part  I.  Derivation  of  the  Boundary  Conditions 
(1)  The  edge  of  the  orifice  (f  = - 1). 

In  the  basic  flow  the  free  surface  originates  at  the 
point  C * - 1 which  is  the  map  of  the  edge  or  the  orifice. 

Since  we  are  dealing  with  ideal! *ed  sharp  edged  orifices,  it  is 
reasonable  physically  to  demand  that  the  freo  surface  continue 
to  originate  here  in  any  perturbed  state.  As  discussed  in 

_« c*  r*  f \ r\r%  ??  **  K < #,  i w - ^ 4 - r j - j 4 r 

~ ~ ■***?  "**  * w w - - * u *«,  , * 4 wt  J'~>  W A h>  4 A 4 A 


a = £ {‘x  - 0 - fs}  * 

In  terms  of  ^ we  have 


xt 


Tt 


|ix  -V-V  J 


Oil 


M 


- nC  n jGir  8^  * c^e^  j =0  at  £ = - 1. 


7mj  ; • lot  C * - 1 is  a 
hvr.cu  wo  c:tn  expect  X, 

’ r*  ft  f a a » ♦ ^ t-  V.  ^ 

• ' • ••-  - f w 4 j i j i i t: 

demand  only  that 


regular  point  of  the  basic  flow  and 
G1  1;>*  G~  to  h_ve  a finite  v.i  iue  here, 
oun i'sry  coa-iiti  ri  for  3:*.  time  t , wo 


1 


C -*  - l. 


for  vJ  % frez  lo)  riv>s 


- o ^ {*1/ 


£ < i-  * 


^ , V*  1|  * 1 / 
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Talcing  the  conjugate  of  the  second  equation,  we  have 

- a «■  gj?  (-1)  ♦ ^ (-D  = 0 

- a * gf  (-1)  - g^CX-l)  = 0 
giving  ns  solutions 

g*  (-1)  = a 
g£  (-1)  = 0, 

(2)  Upstream  Infinity  (£  - 0). 

In  order  to  preserve  the  nature  of  tne  basic  flow  we 
demand  that  any  perturbations  in  velocity  or  pressure  vanish 
at  upstream  infinity. 
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functions  of  C>  hence  we  may  write 


CD 


«' » 2 »,c 


-CO 


g 


* - £ b.cr*1/2. 


-CD 


Applying  to  g3  the  boundary  condition 

ml 


l In  C n gf  = 0 


£ — >0 

we  see  immediately  that 


» 


» 


a =0  for  r < - 1 

r “ 

for  all  ru  3y  means  of  a similar  treatment  for  the  expression 
for  g we  can  find  that 


b =0  r < - 2 for  n = 1 
r — 

br  = ° r < - 1 for  n = 2,  4,  8. 

Th"  above  then  iuply  the  foi lowing 

5 

g (O  is  a regular  function  of  £ at  C = 0 


for  il!  m 


.1/2  a 


C g (rj  is  r gulor  at  T,  - 


for  n = 1. 


r 


> /-> 

1 * .1  . 


g (^ ) i t r -gul ■*r  it  r 


for 


other 


r 
» *4 
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(b)  lie  p0  = 0 

C-’frO  2 

Tree  boundary  condition  (1(b))  of  section  II  this  requires 


or 


l^nce 


lia  RtjxG^  ♦ XG2eXtJ  = 0. 


C— >0 


G^(0)  = C2(0)  = 0. 


Proa  (^tlO)  we  find  that  ’•his  requires  that 


g8(0)  = ga(0)  = a = 0 


and  as  in  boundary  condition  2(a)  we  can  finally  establish  that 

s . fl/2  a 

C g3  and  w g 

are  regular  functions  of  C fit  C = 0 Cor  all  n. 

(3)  Downstream  infinity  (C  * 1 ) • 

In  the  basic  flow,  as  the  jet  proceeds  downstream 
from  the  orifice,  it  asymptotically  approaches  a uniform 
straight  jet*  The  behavior  of  a uniform  stral-ht  Jot  when  sub- 
jected to  small  disturbances  is  r.-adily  investigated  by  using 
the  e-  thods  of  [6,  chapter  IX], 

It  is  found  that  such  a flow  c on  fig  it  at  1 ,n  is  neutral- 
ly static.  Any  sss'tll  list  urb  ncc-  af  rho  Jet  Is  pr. parotid 
t was’  ream  unchanged  with  *he  uni'*  rz  velocity  >r  t:,e  jet. 

*u  shall  -i-  sun i thu'  in  r.h«*  limit  as  v -•  oppra  .ch  1-cwn- 


s tress  infinity  jot  flow  bvhnvt-  1 : k»* 


itral’lit  j-t.  /*»  can 
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express  this  by  demanding  that  tho  change  of  the  velocity  per- 
turbation as  seen  by  an  observer  moving  with  the  Jet  be  zero* 
Mathematically  this  can  be  expressed  by  demanding  that  the 
material  derivative  of  w2  vanish,  i.e., 

fiv-  fiv~ 

— a ♦ y • — » = 0 as  C — 1 
fit  fis 

vV;re 

s = distance  along  the  Jet 

and 

U = velocity  of  basic  flow  at >1. 


'/©  recall  that  the  asymptotic  velocity  of  the  Jet  U = 1 and 
we  note  that 


and 


fQ  = U • s ♦ const*  = s + const. 


s - U * t + const.  = t ♦ const. 


hold  asymptotically.  Combining  those  we  hav d 


Tn  - $ + const, 
o 

t - f _ + const, 
o 


Vita  this  in  mind  our  downstream  Infinity  boundary  condition 
boc ofic-s  simply 

dv 


~ - 0 as  C — *1 


wh'-re  t has  l>-  <-n  r plac-  d b/  * const*  in  v?{  f0,  t).  We  have 

f * 1 

all  Ifc 

n C - ■*  r - Kt 

w . - - X 3 — 


r • i * U 


„ It, 

:,-r?  > 


■ ' * - - * r f * i * * **  ,* 

* f r 


f fr  . ,jt 


r* 


* rf  ! / 
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wo  find 

= - ?x  n jjii  [Ojvtc-irV^2  cx*o^(c-i)Jt^eo2j 

where  and  c0  sro  mn-^ro  constants.  Out*  boundary  condition 
reduces  to 

gi-tOC  - l)1  X0K]  = - l)1  Vjf  =0. 

In  terms  of  C this  becomes 

<c  - 1)  ^[<c  - D1-xo  ] = (c  - D ^r<c  - = o 

as  C — *!• 


The  point  C = 1 is  soon  from  an  examination  of  the 
equations  governing  0,  and  (4.11)  to  be  a regular  singular 
point  of  the-  differential  equation#  From  this  wo  can  infer 
that  G-  and  will  bohavu  either  like  son.*  power  of  (C  - 1). 
o.  like*  log  (C  - i)  multiplied  by  gome*  power  of  (C  - 1).  With 
this  information  it  can  bu  shown  that  vo  can  satisfy  tho  bound- 
ary condition  above  by  demanding  that 

( C * 1)  G and  (C  * 1)  exist  at  C = !• 

i t 

Substituting  f'-r  G.  and  G^  from  (4.10)  our  vounda*y  condition 

1 L 

final ly  b ceases 


(C  * l ) 


-X 


2 


id 


<c 


exist  st  C 


1. 
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Fart  IX.  Derivation  of  tM^PluUdftS  Q-tJtfl? 

sajisiUsa 

Tha  perturbation  equation  (4. 13) 

Lx  tg*<  C)  1 = h*{  0 


in  expanded  fora  is 


s s 

era  + ga 

8a  gc 


s 

a 


Z' 


l 


t<C  - 1)' 


x2(C  * i)2  3 
4C2(C  - l)V 


- iC  * U ha 

p 4 # 

2nr(C  - 1) 


( A.  1) 


Tho  differential  equation  (A. 1)  is  a linear  s-cond 
order  equation  with  regular  lingular  points  at  K.  - 0,  1,  oo, 
&i*l  hsneo  falls  into  the  class  of  a Fuchsian  Uif 'h~rontial 
equation  of  tho  3ocond  ord  r.  v. 

Fo’  lowing  tho  method  of  [7*  pp.  155  et  seq.],  wo  can 
put  equation  (A.1)  into  standard  form  and  determine  tho  roots 
of  the  indie  ill  equation  at  the  'l.nite  singular  points.  It  is 
not  rwcesrary  to  write  tills  rom  explicitly,  since  a knowledge 
of  the  location  of  th».  singular  points  and  the  roots  of  tho 
indicia!  veua*  i'h|  or  the  . *ron  *r«t3  of  tho  singularities  as 
they  are  gen- rally  to  not  .dt  completely  determines  tho  form  of 
th  solutions  uf  th  ■ .via* Inn. 

We  car;  r uii-y  :'Inl  tho  rx:on*n‘s  of  th*  singulari- 


ties to  bo 


(1  - 


(1  - nXJ  + l/l  - 2nX 


cn 


* 
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and  X,  1 X 

at  C = *. 

If  we  make  the  following  change  of  dependent  variable 

g * X*i<  - 1)XH  (A. 2) 

where  g and  H stand  !*or  either  g9  and  H9  or  ga  and  H®,  the 
superscripts  having  been  dropped  for  convenience,  we  again 
obtain  a differential  equation  with  regular  singularities  at 
C « 0,  1,  oo  and  with  exponents 

0,  J at  C = 0 
n 

0,  1 at  C * 1. 

I 

the  differential  equation  for  H is  the  standard  form  of  the 
Hypcrgyooetrlc  equation* 


Salai  JSfm&Ugn 

We  are  *»ow  in  n position  to  write  the  solutions  of 
the  homogeneous  equation,  i.e* , (A*l)  with  the  right  hand  side 
sot  ejTi  1 to  tcro.  In  rvr.or.nl  the  two  linearly  Independent 
solutions  about  a regular  singular  point  C = a with  exponents 
p ^ are  f thn  f^rn 

HU)  = (C  - a)^1  F(l) 


where 


.(i) 


is 


a . 


.-aero  at  f - a*  Using  the  fcrans- 


format--*n  ( A*  k 


* } * 4 ; ; **  <5 

>4  » * * •*  + 4 W 


v > ) ® " 


n find  two  tin.  arly  independent  sot- 
1 denote  by  K ^ ; • 


r.-*v  vrlt- 


tho  forms  of  th'  solutions  for  g ab  ;ut 
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K(l)  , ^v(c  _ 1)XF(1) 


r.(2)  = c^(C  - i) 


(A.3) 


where  and  F ^ are  regular  and  non-sera  at  C * 0.  The 

above  Is  valid  provided  Vft  is  not  an  integer.  If  such 

is  the  case  the  exponents  of  the  singularities  differ  by  an 
integer  and  further  considerations  show  that  Kv*"  must  be  re- 
placed by 

Kv  = log  I iC  ~ 1;  r ’ ♦ c (C  - 1)  i (A.h) 


where  = constant  anl  F 


t - 1 

K<3)  = C“(C  - 1)1<KF<3J 


(A.?) 


K('‘>  - c.Ch*:  - l)1*Xlor<r.  - l)F(3)  * CV.  - dkf(4) 

f I ) (%) 

with  c,  = const  ;nt,  and  r J and  F regular  and  non-zero  at 
£ = 1#  In  any  r*  g ion  whr-r--  both  the  solutions  about  C - O 
and  the  s luti  >ns  about  f - 1 are  v i!  Id  t wo  know  that  a linear 
hc'“o*:-:n*.-  -us  relation  connecting  any  thr--**  of  then  must  exist* 
Thus  wo  coo  writ** 

..-u  ..n)  . ..<*♦) 

9l  “*  r,  * ■ * V.  f» 

• v *1.**  * "}  •* 

'•*’)  v(  j)  . CO  .('')•  *,.(3)  .*..(sO  / » n 

f,  - a j.*.  * b >*.  or  a - ov\  J ♦ b,  O ( A*'. ) 


v?,oro  tho  a*5  and  fe*  # -are  constants  --r*l 
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alb2  * Vl  = 61  * ° 

alb2  " a2bl  =8^/0. 

Ljl^JL 

An  examination  of  our  differential  equation  (A*i) 
shows  that  the  point  t s - 1 is  an  ordinary  point  of  the  dif- 
ferential equation,  and  at  such  a point  we  say  prascriBe  both 
the  value  of  the  solution  and  its  first  derivative*  Further, 
we  can  easily  show  that  it  is  possible  to  choose  two  linearly 
independent  solutions,  and  K^#  in  such  a manner  that 


K(^(-l)  * K(£6)(«l)  = 1 
K^i-l)  = K(6)(-l)  * 0* 
As  before,  we  nay  rlao  write 


( A*7) 


K(l) 

k<2) 

with 


. ,K(5’  * b<“l 
3 3 


(A.  8) 


C<*>  ♦ t^K*65  or  K(2)* 


- a^K(5)  ♦ b^K(b) 


**3^+  * = b2  * 0 
“ ^3^4  r “2  ^ 


LkTXirt:)il.X  IntegrAla 


t-ri 


:e 


Having  "Vur.i  the  complementary 
ferns  of  ’■he  particular  Integral 


solutions,  the  app re- 
in the  neighborhood  of 


the 


•Ints  at  which  we  wish  to  apply  boundary  c 


n-dit  ions, 


are 


readily  found*  Thus,  knowing  two  lineerl y independent  solu- 

. t \ * ^ % 

tions  Mid  we  can  write  the  particular  integral 
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(see  [8|  p-123))  aa 

P.I.  = K(i*  J 


it  * l)  h <C) 


i CV  - 1)  W (K(1}K^') 


c 

UJ)  f (C  ♦ 1)  h (O 

't  C 2(C  - 1)  « (K(1,K(3)) 

O 


K^dC 


K(i)dC 


(A.  9) 


whore  C0  is  an  arbitrary  ordinary  point  which  we  shall  take  as 


C « - !• 


W(K^*^K^)  is  the  Wronsklan  of  the  two  solutions 


and  can  be  found  i-Tjed lately  from  the  differential  equation 
(A»l)  as  (see  [6,  p-119]), 

fiif-'")  r*  fl  n 

W(KV  Kv')  = A exp  i - (coefficient  of  g,.]d„y 

» l C C i 

where  A ” constant.  Substituting  from  (A.  1) 

o j"_  * 

W(jr(i)^(2))  s ^ e _ . MjSLt  12  i Af 


(1  - n\ ) - 1 


I * i)  j 

: - 1)  J 


(A,  10) 


(C  - l)  • 


Since  thf  so  l it  i ons  about  C = I or.d  f ~ - 1 are  re- 
lat-j-i  to  the  solutions  a&aut  C = C by  linear  relations  we  can 


find 


„U(35K<W>)  . 

, » * . » / v ^ 1 ^ » ( 2 ) ^ 


(A,  11) 
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Conpleta  Solutions  of  the  Perturbation  Equation 
(1)  Anti- symmetric  solutions 

The  complete  anti-syoneti  t*  solution  is 


S - 4 K<1)  ♦ 4 k<2)  + ij  4 *S+r 


C*.15) 


*s«  18  a term  or  the  particular  Integral  found  if  h(£)  Is 
replaced  by 


*5 


a = c - 


+r  T7S  ®H+r 


L«  - i>'J 


R+r 


in  the  expression  (A.  9)  for  the  particular  integral* 

Making  the  appropriate  substitutions  we  have 


Ateut  C » 0 

..a  _ .a  ,„v 


>>.»(!) 


R - (C  CC  - 1)  '?  ) + B“  (CP(C  - 1)  F ) 

C 


A„(2) 


JCV»|  (:+uc(^)*3/2-v(  .2(a*r).x  (2) 

r~0  A I j 

-1 
r 

- C“Kl3>  S (r*l)c?r,‘r!'V2n‘(c-l)'2(a*r)'V1W) 


'-1 


J 


(A.  12) 


m case 


>.  = ?*  + II  “...nHi 


the  tv--  coEpl^neritary  solutions  are  y}*^  and  and  we  have 
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*b  * AR<Cv(r-i>xPa))*Bj<<caSv  log  K <C-1)Xr'tl) 


+c*‘{C-i)V(2),)+ J.  ^(c-Dxic 

r=0  A t 


vF(l) 


rc2(c+i)c  x 


^1 


x iogac-i)xi'(1)+<w)c(R*r)'3/2'v(c-i)‘2<B*r)TV2)*]di: 

c 

-Cc2CVX0gC  FU)<,‘F(2)*]j  «+i)C<«+^-3^(^i)-2(R*r)-xF(l)dCJ 

"1  (A*  13) 

AbQUt.  C = J. 

gR  5!  x 


x log(t-l)F(3)+?fl(t-l)  V**')  ♦ 


X_(4),  * E®* 


\ , 


3r?(i:-i)'^C,‘<C-i>F(3>  f x 


c 

!• 


X [cA(cnx(R+r)"3/3-w(C-ir2(a+r)+1”  xiog  (C-1)F(3)  ♦ 


♦ (c+i)c<R+r)‘3/2“v(c-i)“2(R*r)“V(4)]dt:  -[ckc*1{c-’i)iog(c-i)F(3) 

c 4 


-i 

about  t « - I 


(A*  14) 


g*  -Wy^,x<5,*(^ySV«<6)%:S  VfK<5,l 


^1 


x <C*lKta‘rM/?*  ^ (c.1)-2(8‘D-2>.K(6)i,t  .k(6)  f 


. {H+r)-V2-  ^ -2(?.+r)-2*.  /*n  i 

arc r+nr  r*  /k.i',  *'  j 

- - - v , * / «.  -4  S j" 

J 


J 


X 


-1 


/ - •» 

* “ J.  t ) 

- **+  +.  s f 
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(2)  Syonetric  solutions 

The  complete  symmetric  solution  is 

4 - 4 K<1>  + 4 K<2)  * Ka  * Jj,  Er  *S«  * <4’l6) 

K*  is  a term  of  the  particular  integral  found  if 
h (C)  is  replaced  by 

= - 2a 

in  the  expression  (A, 9)  and  K|j+r  is  a term  of  the  particular 
Integral  found  if  h(C)  is  replaced  by 


hs 

H+r 


b 

H+r 


R+r 


2 


in  the  expression  ( A*  9 ) * 

MaRi.iC  the  appropriate  substitutions,  we  have 


about  C = 0 


cl  = 4(Cv(C-uV1))*D^(C>*(C-1)V(2))*  fa(K-l)X  icVF(1)  ' : 

c -1 

z ir.*l*tl<i;-i)*V1)dC  !• 


• 1 


. * JrvF(l)[  (rziK<H*r)-i.v( 


«•  -n 


-K  F J (6  + iK 
A I 


F dC 


- c •-  ; ( r *-i ) c ' Hoi)  • r'  * ‘f'  1 a f.  L 


t 


(A.  16) 


35807/2 


84 


The  above  holds  except  when  X = W ♦ XJL^-J QlU. 


N = 0,  1,  2, 


*..  . In  the  latter  case  the  appr  *riate  solution  is 

g®  = log  C(C-i)V1><t‘(C-l/p(2)*) 

r C 

* ~(c-dx4  cvf(1)  f [cjc'^iog  ac-irV15*  c_1_v(c-i)'x  x 

An  1 i < 


-1 

iog<F<l) 

(i)  ) oj 

F dC  V * S'. 

J r-0 

E®(C-1)X 

A* 

- 1 


kvF(1)i  [c,(t;+i)(;<r'*r)*:l'1'- 


x log  CK-l)-a(R*r>-1-V1)  * (C*l)i:(R4'r)'1‘v«;-l)'2(R+1‘>'1"Xx 


f(2)*]<h-[c,Cv  logt  f(1)<M2)*]  | (Oi)C(li+r)*X"  * 


-2(R*r)-l-X  (!)  ) 

X (C-l)  F dC 


(A. 1?) 


ak->:-4i.,.C 


x 


v i.or  (t-i)?(j)  * c^c-uV’^}  + J (c-df(3)  i x 


-i 


v f r }l“v- 


r ^ 4 r*  **  *'”V  ( r _ - i "**•  > * 1 .1  ^ 

v * ^ / * S \ ^ - W * I * , 
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-[c4<t-l)log(C-l)F(3)+F(4)]  C*1"v(C-3  )1‘V3)<it:|  ♦ x 

«Hk  1 


x C“(C-1>XJ  (C-X)F(3) 


/** 


r ,,J,w<R+r)-1-V  , ,-2(R+r)-  X 

[c^C^-fi)^  (£.1)  X 


x ioB(!;-i)P(3)*(c+i)<R+r,'I”v(!:-i)*2(R+r)_1'xF(l+)]<i!:  -[c^c-d 


x iog(c-DF<3)*F(4)]i  (c-i;;(R+r) 

a!^.JLiL-=_l 


*R  ~ x ’Sla3  'aRb3  BHbU/K  77T  “i  K 


(As  IB) 


ii=i lU 

n x 


,r  <6)  (6) 
x (C-t;  X dC-K 


-1- 


Ulzail 


*i 


p\  (5)  * oo  Es&_ 

3 ^ . \*  r°2 

t ^ ji  — 7 

1 r=0  A 


n (^-1)  K d£  s+  ^ — — x 


X |k(5)  j’{C*l)C(R+r,‘1'  ■i^i((:.1)-2(H+r).l-2X.C6) 

^ \ 


K"'dC  -K(6)  X 


-1 


X 


, y * ~ ~ v . «2( H+r ) - 1** c \ ( 5 ) / 

(C*DC  n (r-1)  K dC  • (A.  19) 
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Part  III.  ipjLLlcaUon.Qf  iftuadary  Conditions 

We  shall,  now  apply  the  boundary  conditions  as  derived 
in  part  I of  this  appendix  to  the  complete  solutions  of  the 
perturbation  equation  found  in  the  preceding  section 


(1)  Anti -symmetric  solutions 
i)  About  C * - X;  ga  (-1)  = 0. 


An  inspection  of  the  solution,  equation  (A. 15), 


shows  that 


ft  Ol?  ) is  zero  at  C = - 1. 
dC.  n+r 


.low 


A.,  _a- 


3t(eH)=0=(Aaa3+BH\)Kc5>(‘1)*<AHb3*Bab4),^6>(-1)- 

(5)  (6) 

Substituting  from  (A. 7)  Kr  (-1)  = 0 and  K (-1)  - lt  wo 

C 

obtain 


*>3  + = °* 
-1/2. 


(A.  20) 


ii)  About  £ " 0;  or  C“^i:'ga  is  a regular  func- 

tion of  C. 


Oase  (a)  \ / N - 1.1 


:n 


If  we  demand  that  ga  be  regular  wo  shall  find 
that  permissible  values  of  the  index  H,  are  ?<  - 0,  lf  2,  s, 
On  the  other  haiwt  if  C1/r:gri  is  to  b*,  -egul «r , R may  take  on 
r-nly  the  values  H = 1,  2,  i,  ...  . This  can  be  seen  by  an 


o/<in*.na'  ion  of  the  tv-  Integrals  In  the  solution  gg,  equation 


V ft* 


* +-  ^ thv  first  la  terra  l * for  t tho  portion  of  the 
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Integrand  r -2(H+r)-X  ml 

J;c  * im  - i)  r2'/ 

may  be  developed  in  a power  series  since  it  is  a regular  func- 
tion of  C In  the  neighborhood  of  C = 0*  Our  Integrand  then 
looks  like 

(R+r)-3/2-v  2 

C f «0  + axC  + a2C  * . . . ) 

which  for  (R+r}~^2~V  / - X may  be  integrated  termwise . giving 
the  behavior  of  the  integral  at  the  upper  limit  as 

(R+r)-l/2-v  2 

C [t>o  ♦ btC  * b2C  * . . . ] . 

v 

Multiplying  by  C we  arrive  at  a function  which  behaves  like 

(R+r )-l/2 

C at  C = 0* 

:*ov  applying  the  boundary  condition  C ^ ga  regular , wo  get  a 

bohavlor  tike  and  applying  regular,  a behavior 

(R+r)-] 

like  C • If  R is  not  restricted  as  stated  above  we 

would  ha vo  to  make  all  zero  for  r such  that  (R+r)  or 

n 

(R+r)  - 1,  respectively  is  less  than  sero,  Since  Ec  has  been 
assumed  non-zero  wo  must  have  (R+r)  or  (R+r)  - lt  as  the  case 
faay  bot  greater  than  or  e'j ual  tu  zero  giving  permissible  values 
of  R as  originally  stated* 

With  these  values  of  R the  only  terms  in  the  solu- 
tion ga  which  do  not  satisfy  the  boundary  conditions  can  no 
written  in  the  form 


r • a * 1 ^ r ( 2)  , * i y(  1 ) 

l 'S  *7  si*  "■>  r-  r i * i ) •' 

i\  A ¥*  r * 


(A*  21a) 
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when 


when 


when 


when 


X t - (2N  ♦ 1)  + ^2  (2N  ♦ 1) 

[B?  - \ jj\  E®  C<1)<0>3  K(2)  (A. 21b) 

A A r=0  r 

X / - (2N  + l)  - (2N  + 1) 

N s 0|  i ^ 2^  3f  *«♦  • 

[•J  M.  E“  d‘2)(0)]  K(l)  log  C ( A«  2 lc ) 

A r=0  1 

X s - (2p  + 1)  + (2t>  + 1) 

l\  Ji  E*  Dr1>(0>!  k12)  lr,E  C (A.  2 Id) 

A r=0  r r 

< i ■■■»  ■ ■ 

X S - (2P  + 1)  - jg  (2P  + 1) 

P s H,  H ♦ l,  R ♦ 2,  . 


Iq  note  that  it  can  be  shown  that 


V = » * I when  X * - (2N  + 1)  - y'g  (2N  + 1) 


and 


fi  + $ when  X = - (??f  ♦ 1)  ♦ yg  (2,'f  + 1), 


The  foil  ov  ing  no  to  1 1 o n h a s been  ad  o;,  ted 


i i i 


Cr* ' (0)  it  "Kadaaards"  finite  part  of  the  integral  In 
with  ar  pear  inf  b the  integrand.  This  me  fcnod  of 


ova  in  it  on  -Ivor?  *.t.o  vV5u»r  for  an  integral  whose  integrand  has 
at  ino  f the  l inita  of  Integration,  a singular  behavior  l ike 


n / Y • ' t 
* / V.  * ^ : - 


, i , 2 , ...  , a.’id  p < 1 (see  [ y j ) , 


35807/2 


89 


D^(0)  is  the  coefficient  of  in  the  series 
r 

expansion  of  the  integrand  of  the  integral  in  involving 

F(i\ 

The  terms  shown  in  (A.  12n  - d)  ore  those  terms  in 

& 

g which  do  not  possess  the  half-order  behavior  required  by 
H 

the  boundary  condition*  Thus,  In  order  to  satisfy  our  boundary 
condition,  we  must  sot  equal  to  toro  whichever  two  bracketed 
quantities  in  (A* 21a  - d)  are  relevant  in  view  of  the  value  of 
X*  Wo  finally  arrive  at  no  more  than  two  linear  homogeneous 
equations  to  bo  satisfied  by  the  unknowns  Aj|,  and  E^* 

2 

Caso  (b)  X = N + 1L-- Jliil. 


In  this  case  the  solution  valid  about  C = 0 is 
equation  (A* 13).  The  . .rpumonts  used  in  the  preceding  discus- 
sion concerning  the  choice  of  the  index  R are  still  applicable* 
However,  on.  can  show  that  X can  no  longer  take  on  the  special 
values  making  p or  v - N * $•*  In  this  case  it  can  bo  shown 
that  in  order  to  satisfy  th  boundary  condition  vc  must  sot 
C'-ual  to  zero  the  coefficient  of  K and  Kv<u  separately* 

This  again  civ  s rise  to  two  linear  homogeneous  equations  In 
A-a,  Ba  and  Ej* 

HU  Ai  3Ut  C=  1-,  <C-  l)"V  exists. 

An  ixaminotion  1 the  solution  g.‘  ( A*  14 ) valid  at 


C - 1 shows  that  the  tarns  of  the  c:  mplomcsRtnry  solution  sat* 

X*  It  remains 


iafy  the 

hr 

V 

• m* ; 

ary 

CO 

r.  1 1 1 i 

:n 

for  any 

v a 1 w 

to  ex  art! 

.*% 
* * U 

the* 

*■-*?** 

ti 

£ < ^ 1 A r 

4 

tcgral* 

If  we 

men t ?f 

thv 

i t«* 

in 

+■  ? li 

^rf  * 

< nt 

■ ‘grand  , 

which 
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<C  - 1),  in  a power  series  and  then  integrate  termwise t the 
most  singular  behavior  after  multiplying  by  (C  - 1)~*  will  be 

llke  ^ _ ^-2(H+r  )+2~\ 

Hence  our  boundary  condition  will  be  satisfied  if 

- 2(R  •>  r)  * 2 - Rt  ^ 0 

or  . 

Hi  j\  } < 2 - 2(R  + r). 

(2)  Symmetric  solutions. 

The  application  of  the  boundary  conditions  to  the 
symmetric  solutions  proceeds  in  a manner  very  similar  to  the 
anti-symmetric  case. 


1)  Al«ut  C * - 1*  g!(-l)  = a. 

An  inspection  cf  the  solution  (A. 19)  shows  that 

& (Klr>  = ^ <Ka)  = 0 C = - 1 

and  our  boundary  condition  yields 

Uab3  4 BhbU)  c a*  (A.  22) 


i U 


t?r  Ft}** 

index. 


About  f = 0;  e5  ^ C‘V 

Case  (a)  X ^ M ♦ 

A r:  in  the  anti- sym-e trie 

Iftf  ^ * V‘»  **  ft  X i y 4 

* ” • Fi  * * ■«  w * - i.  I * | 3 f eve 

In  addition  we  must  have  a 


regular  at  C ~ 0. 
r n-0  £ 

case  requiring  that 
, as  allowable  values  of 
= 0 making  Kf  * 0,  The 


the 


35807/2 


terms  In  g*  which  will  not  be  regular  after  applying 
ary  condition  can  be  written  in  the  form 

^e?42)<°>lK(1> 


when 


when 


when 


•hen 


r=0 

X / - 2*1  ♦ 2 

* - i ii  b!  C^ho)!  K 

A r=0  r r 


(2) 


x / . 2u  - 2 y| 


» = I,  2,  3* 


[\  X F.J  D<,2)(0)]  Ku)  log  C 

A rrO  r r 

X - - 21  + 2y^ 

i\  J§  E"  D^U(0)]  K(2)  log  C 

A r=0  r r 


X = - 2P  - 2\j£ 

v n 


P S H,  R + 1, 


.*e  no * o that  it  can  be  shown  that 


p ~ :*  vr,en 


- H wnon  X - - 


t - 


, • H 

V n 


-i\ 1 ii 

‘ v n 


^ Vi  ,«  j?_  »i  f ff.  a » : i r » ■*■  i ynf  j-fc  r\  r>  14%  4 f\  / 

• i 1 <?  *![  ■ ».  1 1.\  ■ * i ■ - i.  J 1 4 • - ’ 4 • S ^ / L JiJ  » i t 1 7(J  f 


giv-.-s  a 3 a 1 lovable  values  h - 0,  1.  , , jt  ...  . 

cf  ft  th*.  t >rv.3  in  g*  vr.ich  v i ; ; net  V»  r 


'<n 
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the  bound- 
<A.23a) 

(A.  23b) 

• • 

(A*  23c) 
(A,?3'U 


3 ■* 

f ffpular 

* * *)  r» 

VY; 


H*_  * ; s r ^ \n 
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written  in  the  forta 


when 


when 


[A*  * -i  ci2>(0)  ♦ -1  E“  c'‘'(0)]  K 
•'  An  A r=?0  r 


> rjS  «C2) 


.Cl) 


r=0 

X * - 2N  ♦ 2 

CD 


[B*  - £ c'U(0)  - i J|  E»  C'U(0)]  K(2> 
n An  A r=0  r 


V * - 2»  - 2 \/l 


« « 1,  2,  3, 


(A,  24a) 


(A.  24b) 


(■ft  ^>(0)  * I £ E=  D<2)(0)]  K(1)  l.g  C 


(A.  24c) 


\ - 2P  * 2 \J% 

[—  X i\  F.°  D^ho)]  K<2)  log  C ( A.  2*td ) 

An  « A r=o  r 


X = ~ 2p  - 2\/£ 
V n 


r,  ft  + 1, 


whore  C^\f  ) m ! D^^(C)  have  the  same  moaning  as  in  the  anti- 
r r 

syriv  * r i c ease  arid  the  iota*:  ion  ci^(C)  an?:  iU  A ^ ( 0 ) has  an 

U *x 

3 

anaijf-ous  moan in*  with  reference  to  the  term  K. 


In  arler  to  s 

t isfy  the 

V.A-  « ro  t -a  «•« 
>•  - j 

r condition  vs  n 

ust 

sot 

«*  - u :i  1 

to  no  will che 

y«r  two  fcr  tcke*:ed 

quantities  In  ( 

A \ 
\*  ‘ 

'T  ( Ae 

.'ha  - d)  are  r j 

h va n t In 

Vi  O V»  0 f 

t. b y value  of 

Th  i s 

£ * v 

■ r ’ * , 

in  *-»r  h 'o-.o 

*■•  us  *?-tua  ■ 

- ^ * ** 

be  satisfied  by 

the 

\:r-< 

‘ . « ^ 3 

5 . r: 

A-;.,  fir  ar>i  fc~« 
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Case  (b)  X = N + & I nN). . 

SlL 

In  this  case  tho  solution  for  valid  at  C - 0 is 
(A.  17).  With  X as  given  above  neither  p nor  v can  take  on 
integral  values.  In  this  case  it  can  be  shown  that  in  order 
to  satisfy  the  boundary  condition  we  must  set  equal  to  zero 
the  coefficients  of  and  K^'  separately.  This  gives  rise 

to  two  linear  homogeneous  equations  in  the  unknowns  A^s  a» 
and  E*. 

App lying  the  boundary  condition  in  the  manner  used 

in  tho  anti-sy umetric  case  we  find  the  following  restriction 

on  X , 

ill  \ t < 1 • 2(R*r). 


Appendix  9.  Equal  and  Opposite  Jets 

Part  I.  herivnUon  of  boundary  conditions 
(1)  About  tho  point  £ - 0. 

Wo  have  already  specified  tho  behavior  of  tho  symmet- 
ric and  anti-symmetric  perturbations  in  Kl  < 1 for  case  (a) 
and  (b).  Wc  shall  insure  this  behavior  by  demanding  that 

"uso  (a)  gs(C)  end  C"1/2gn(m)  bo  regular  functions  of  C 
us  q £ 0 • 

Jast*  (t  ) 1 ( £)  s.nd  ga(  £)  L»*  r egular  functions  of  £ 


US 


r » 


(2)  b’pstrvau  infinity  C ^ 1. 

i)  th«-  p . rtuc-M*.  1 n v ••  1 : " v,  must  vanish  tee  re, 


1 In  w , 

— 4 1 


35307/2 


9*+ 


Rut 

w2  r 1 

y^*  - 

“*2  _ 

whence 

11m 

1/2 

USL 

♦ 1}  t p 'ft^  — ri 

■■■— - [G,  e + G e J - 0« 

C— *l 

2 

1 K % 

This 

implies 

11m 

(C  - 

1)G.,  s 0 

c — *1 

lim 

(C  - 

1 ) G _ ^ “ 0, 

C— n 

2C 

Substituting  for  G^  and  0^  from  (5,8)  or  (5*9)  respectively ? 
wo  find  case  (a)  and  case  (b)  ) im  ( £ - l)g^  = 0. 

c~n 

ii)  the  perturbation  pressure  vanishes  at  upstream 
inflnl ty , 1. o.  t 

11m  p0  - 0. 

£—■ *1  *' 

This  1 miles  r»  i 

11m  M J f0  V = 0. 

C~»l  i ' J 

sonce 

ltm  R(  ixG  est  + Yg  ) * 0. 

C-41  t 1 * ' 

T h Is  wit  1 ho  s a 1 1 s f i e d i f 


and 


1 1 m G , * 0 

-»  7 4 


•im  G.n  r n, 

•V-  >1 


1 1 1 t i :ir  ;‘r 
:*  o ..  0 ’i ) o : 


(5* '")  "r  ( V,  v ) res*"  -ctlve-iy,  wo  find 
c > i 


i 


a 


^ i ■ 
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(3)  Downstream  infinity  £ = • 1. 

In  the  limit  as  we  anproach  downstream  infinity,  the 
jet  is  to  act  like  a straight  jet.  To  an  observer  moving  down- 
stream with  the  asymptotic  jet  velocity,  the  perturbation 
velocity  will  appear  to  assume  a constant  value.  Using  the 
same  arguments  as  in  Appendix  A to  Section  IV  this  boundary 
condition  implies 

(C  * l)  > 1)1_\  J » (c  * 1)  = o. 

Using  equations  (5.8)  or  (5*9)  respectively  and  observing  that 
the  point  ( = - 1 is  a regular  singular  point  of  the  perturba- 
tion equation,  we  can  satisfy  the  above  boundary  condition  If 
case  (a)  and  case  (b) 

(C  «■  lfX  g* 

exists. 


ran  II.  Derivation  0*  s >l/ itlons  of  j . ■ 1 ur n -u  1 o n eg m t i 0 n 

The  perturb'!*  equation  (5. 10),  after  substitution 
of  (5.  1 I)  for  the  form  of  the  differential  op  rater  L^,  becomes 


fcXC  X \ r <”-1 


c 


ax  f ( 2>,  -a 

r: t * Tfc-Trrf'n  v 


(B.  1) 


* ^ * V 

* i 


- : v 


~r~f(  f Z- 


vh>  r ni  ► r 


■ r i ? ' r a • • 1 1 - 3 vrr  < * r i c 


«"  » ¥* 
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Equation  ( B.  1 ) is  a non-hotnogeneous  linear  ordinary 
differential  equation  with  regular  singular  points  at  * 0, 
* l,  8^  * • 1 and  has  co  as  a regular  singular  point.  Thr 
exponent s of  the  singularities  a« , p.  are  shown  below 

Jb  1 


a 


ot  ( = 0 


a2  * - X,  P2  = 1 - X,  at  C * 1 


a 


= X, 


% 


- 0, 


p « 1 ♦ X,  at  C = - 1 

f^4  ~ ” 2 ’ at  **  " 00  • 


If  we  make  a transformation  of  the  dependent  variable 

g « <C  - ax)  *(C  - a^^CC  - H = (f.  - l)~X(C  ♦ 1)X  H (B.2) 

we  arrive  at  the  following  homogeneous  differential  equation 
for  H . v 

Hcr  * Ifc  <^>  * H ^fcr-iTTgv-n’  r 0 (El,) 

with  the  same  regular  singular  points.  The  new  exponents  of 
the  singularities  are  shown  below 


C y at  C " 

Ot  1 at  C - 1 


Eauat*.  .n  ( 6.  2 ] is  known 
f 1C  ] a.*vi  ( H )5. 


noun 1 s di fferent ial  o 4uat 


on  ( soe 
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Solutions. .of  .thr. Homogeneous  Equation 


With  the  knowledge  of  the  location  of  the  regular 
singular  points  and  the  exponents  of  the  singularities  we  may 
write  the  forms  of  the  solutions  of  equation  The  appli- 

cation  of  the  transformation  (B*2)  to  these  solutions  will 
yield  the  complementary  solutions  of  equation  (B«l)  for  g which 
we  will  designate  as 


ASflUt  £ c Q 


K(l>  = ^1/2^  . 1)A(C  ♦ 1)X  PU) 


:(?)  * - l)“X(£  1)X  P(2) 


where  F 


(1) 


and  F 


(2) 


are  regular  and  non-zero  at  £ * 0. 


k(3)  = <C  - * 1)X  F(3) 

K(U)  = c4(C  - l)l"Xlog(C  - 1XC*  1)K  F<3) 

♦ (C  - l)“K(C  * DX  f(4) 

where  " 3 and  nro  regular  a nd  non-zero  at  r = 1 and 

c4  - constant.  In  addition  we  know  that  in  any  region  of 
common  validity  of  the  solutions  about  t,  ~ 0 and  £ = 1 there 
exist  linear  relations  of  t h^  form 


(1)  yi3) 

w ^'0 

= fi^X 

*■  bjK 

r>  'o 

(*♦) 

* ttjK 

*«. 

* b5x 
<- 

— b * a 


i < 


6,  / Q 

i 


with 
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Ate2AtX=-..-JL 


x<5)  = (c  - irV  ♦ dx  f(^ 


k(6)  = c6(c ~ irV  + D1+xiog(c  ♦ i)  p(5) 

+ (r  - i)~x(c  + i)x  f(6) 

(d)  (A) 

where  F emd  P are  regular  and  non-?ero  at  C = - 1*  and 

- constant.  A^ain  we  may  write 

K(l)  + a.K^  ♦ b-,K(6)  with  a^b,  - b.a,  « i 0 

j j j *f  j ■+  t 

„ (2)  (5)  ..'6) 

K - a^K  * 


;egrn , 


Proceeding  as  in  Appendix  A to  section  IV  we  can 
write  the  particular  intern!  as 


(1)  r Kt)  d!' 

p,  2.  = k 1 

A lit  - 1)(C  * I)  * (K(i),KCJ)  ) 
0 


(B.4) 


r (!) 

K(j)  f _mo  K d£ 

A C(C  “ D(C  ♦ 1)  W (K(S;.K<j)) 
i i ) . ( .1 ) 

wn*?r«»  r a ns  f»  arc  tvn  nrv’ariy  independent  complementary 

( 1 ) ( O 

Solus  s '-ns  and  *<(KV*  , K w ) is  th”  Wronskian  of  the  ,e  two  snlu- 
t i ->ns.  «io  may  «•  vilu.it  e the  -’r  anskians  from  the  *J  iff  c-rent ial 


{ -i  j ' ' 


^ _ . .,yu!  .-(*♦)»  . ..,.(5)  ..(oh 

s ?>v  »">X 

-If'*  ! I'  . IS  / f 4 ’ J ” " 
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Complete  Solutions  of  thg  Perturbation  aquation 


(1)  Antl-symrnetric  solutions. 

The  complete  ant  i-sywoe  trie  solution  is 

oo 


vnere 


a - AaK(1>  * «aJ2) 
gH  " ARK  BRK 


£aK? 
r d+r 


- 21  E Kj. 

r=0  r rt 


+r 


(B.5) 


is  the  particular  integral  when  h(C)  in  expression  (B.4-)  is 

replaced  by- 
case  (a) 

.»  i * A2  1H+r 

h£r  = -W.-.-t  a.  ( u, , ~._,I  > 

*+r  ~T72  *+r  ,(  c 4.  i/  . 

or 


case  (b) 

..  -.i  /c-i'2:H*r 

h>.r  ' C * 1 J?'*r  oA~i  : , 


Vaicln#*  the  appropriate  substitutions  we  have 


■"  i o fa) 


- Aa  - ! 5 - i) 


>■  ..(1) 


. a 


* A ft 


r f r 


\ GJ  Ka 

1)  ;r  - 1)  ‘ f * } ] ♦ V.  -x- 

< r-C  A 


(r-i ) 


-X 


, , ,x  * 1 > -1  K *r)  + 

* -C*‘  ' S r c K-U 


A V 

* 


* 

V 


;«.*r)-l-X  ( j 

x ( £■*  1 } y ■ -r 


h 

U)  .-!/? 


* r 


{?-!)  \r*i»  <L  /r.  . 


o9  tx 
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case  (b) 


= a|[C1/2CC-i)"X(C-»-i)Xf(1)]  ^((C-ir\c+l)V2)l 


♦ .H  $<c-i>'x<c*i>x -I 

r-0  A 


. 1/2  (l)f  -1/2, „ , 2<R+r)+\ 
c P j c (C-D  X 

' c 

» l*S 


x (C+l) 


-2<!Hr>-a-KF(2>  <2>f 


C 

>r 

t 


(C.i)2(R+r)+x(cn)-2(R^r5-2wVi 

CD.7) 


,.*-1 

case  (a) 


x iog(t-i)(c*i>V3)*(?-irx(t*i)V4>]  ♦ J1 . ^i(c-D*x  x 

r-Q  A 

c 

X (C^DX^  (C-1)K(3)J  [c^*l(C-^2<H>r5+1+  X1-8(C-1>  * 


,M3> 


1-X 


O 


x (c.i)-2<R+r)-1-V3)+c-1(c-i)2(n*r)*x(c*ir2(n+r)'1-xK(4)]dc 


[c4(C-lHog(C-X)F(3)+Fl4))  i C‘1(C-l)2<'’i'‘r>*1+X 


o 

r 


X r/Ii  r u t. 


/ rj  O *i 

^ V / 


;u  » 
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case  (b) 

* (A®aj*B^a2)[  (C-l)1">'(C*l)>'t'(3)]'*-(A5b1*Bgb2)teit(C-l)1“>‘  * 

* iok(c-i)(c*uV30(c-i)*\c*i>Vi*)]  - ;§  ^iu:-i)'x  X 

r=0  « 

r 

x k*dx  •!(i;-i)PC;>,jt(c4c'1/2(!:-i)2(R'fr>*1*x  iog(c-i)  x 
L \ 

x (,4l)-^a*r)-2-V3)t);-l/2(t;.1)2(R")+\C+i,-2tR+‘>)-2-y4)1dC 

5 

.CVC-D^(C-i)F(3,^<4,jl  f1/2(c-D2<^)+1+X  x 

Co 


-r’(R+r)-2-X  ( >)  » 

x (C  + D F'5  d£v 


(B.r0 


c ue  (ft) 


X (C 


*:  )l<Ai  >e(C*i)F(‘  ) **K'C ' ] * )~x 

r -0  A 


x (C‘0  ’•  (C*UKl,)i  [cr,C 


1 1 v , ,7( \i*r)+\.  *(H  + r)-X 


:..-:c*L)r  *r  ‘(r-u  f Md' 


- j. ' «•  a ; ;»p-  ' . ? 1 5 t ✓ “ * / ' _ : ) 


( i*r)4  \ 


\ / r ^ 

r*1  * ' * ^ 


«S  (T*. 
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case  (b) 


= (Aja1*B^a4)[(':-l)"X(C+l)1AF(5)3+(A^b3^b4)[c6(C-l)' 


x (C+l)1+Xiog(C+i)F<5)+(C-l)“X(C+l)VF(6)3  + j?  ^S(C-l)' 

c r=0  A 


X | (*?) 

X (C*l>  | <£♦!)?  ' 


-1/2.  . 2(R+r ) +X  »-2(R+r)-l-X 


[cAC  (C-l) 


COD 


i^(C*i)F(5,<-1/2(1;.i)2<R*r)‘X(C*l)-2<[,+r)-2-V6>]aC 


r 

f 


.te,(C.lJW(C*l)F«5)^^|  <-1/2(C.l)2(R*r,  + X 

t. 


-?(R+r  )-l->.  ( <n  • 
x (C*l>  iC  ]• 


( 2 ) L'ytr-.o  trie  .r;  1 ».  ’ ons. 

Th«j  •*  »npilctF*  cyme trie  s->r»tion  is 

I'D 


*R 


, a y(l)  . s ..(?)  v.  ,,s  , 


r-0 


r R*r 


a.i-r*- 


, 3 *.9 


r. 


r “R*r 


U 


/ 


is  th*  p-irtic  il  >.r  tn*rtKr  il  when  h(  O l-  r oar*.  ^r»  (U.1*/  i 
r'>;  1 io^i  i-y 

c i *?  ( n J - 


H + r 


y - ► < ■ ,#.ji 

*•“ *r  ' - t i,  J * 


r _ i 
T 


: i ?«?  i b ; 


rr 4 


i. 


/■  _ i 


A 

■X 

x 


X 


. 11) 


i.  U) 


35807/2 


103 


Making  the  appropriate  substitutions  we  have 

JLxJi 

g’  = *^tCl/2(C-l)*X,CC+l)XTa>]-.B^[CC-l)*X(C*l)VF(2)l  * 


(. 


-1/2  2(?.*r)-l*^  -^(R+r)-l-\ 

C 1 (C-D  (C+l> 


f0 


x K(?)dC-F<?,J  (c-i)2(B*,,'1*\c*i)"3<R*r,*l"Vl>dc}  (D.  13) 


case  (b) 


d - Ajrc1/2(C-n*x( c*i)Vl)W!f<c-ir\c+i)V2h*  j§  3 

n n - -n  A 


X ( C-irN  C*UX-|c1/2F(  l)]  C_1(C-l)"CH+r)~‘L+X(  ^i)-?CH+r)-x  x 


-FC3)j  c-l/2(c-i)2(a*r,-lA(cn)-2(a*r,-*Ftl,.n: } 


A& 


case  (a) 


*’  =•  (A*a1*n;=<i,)r(c-i)1"\:*i)V(  l)  J‘(A^b  -:**e2)[c4(r..i)1*x 


i0K«.-iHC*i)S'(?)M-c-u"X(C‘iiXF<’‘>)»  ^ 5Eb.(C-i)"x(C-‘l)X 

c rr^  A 

lr  , .,r  , -?(R+r)-l-M'i) 


f > • . -i  /'  2{.  *r)*X 

1C- i'-C  • "'C-D  i 
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lOfc 


4T1/2(C-1)2<R^)“1>X<C^1)‘2(R+P>*1-Xf<4)  W -CVC-DlogCC-l) 

c 

(3)At,(4)jf  „-i/2_  .t2(B+r)*X,_,x-2(R*r)-l-Xw(3>,,  r i 

i 

c 


X F'J'*P'-’']/  


case  (b) 


x log(C-l)(C*l>V3^(t-l)a<t+l)V4)]+  Jl  ^i(C-ir\t:-‘-l)X 

X {(C-l)F(?>f  [c1.(C-i)2(H+r,Aiog(C-l)(C.i)-2<a+r)-xF(3) 


1-X 


•*<C-1) 


t 


2(R+r)-l+X  .-2(R4r)-X„(4) 


CC+D 


FVH;]dC  -[c4(C-l)log(C-D^ 


*^>ij  c-V-i)2(H*r,<x( c*i>-r,<R+r)'V3)rtc} 


(B.15) 


nbout  C - --1 
cnse  (a) 


4-  C‘i>1+V,;> h*>3.bX)[=6(i;-i)'x  * 


^a, 


5 *\  i r.\  -i,  \ / A ‘i  Si  b|.&*j  . -»X 

X <C*D~  iog(C*i)Fw/*(C-i}  *(C+i)V""]*  ^ - — ”(C-n  X 

p-0  A 

, .c*nv{(cn)K<5)j  io6c-1/2(c-i)2t3*r>-1*x(c*n-2(a*r)- x * 


I 

U 


f 


< vi  ^1/2, „ 1,2(R^r)-l*X,-.,,-.'(.w)-l-\_(6) 


iog(c^i)^  <c-n 


( r ♦ 1 ) 


TVJ/]dC  - 
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■ w 

r ,<6)  .i'  -1/2,,,  . .2(R+r)-l*X 

ic#'(C+l)log(C*l)?  +?  JJ  C <C-w  * 


r 


(C*i)-2<"*r>"X  p(5)ic} 


(B. 16) 


caso  (b) 

**  = (A»»3*B*a4)[(i;-l)'>‘(i:*l)UVP<5>*U^b3*BSh4)[o6(C-l)',k  x 

x (C*l)ux  log(C+l)P<5>*(C-i)A(C*l)XP(6)]  ♦ Jl  ^2(C-1)-Xx 

r=0  A 

l 


x cr*i)Ki  <c*i)f(5)[  [ctic*‘1(C-'02C^r)*l+X(C4-i>‘2<K+r)"1’X  x 

1 u 

I r 

V A 


,r  .,.,(5)  2(R+r)-l+\  (6) 

x !og(C  + l)r  « f (C-l)  (C+U  F J(R 


-[c^+Ulo^cnJF^+P^lJ  C'1(C-l>2(rt+r)*1A  x 

c„ 


x (C*l>-2(H*r,AF<5)dc/ 


<u. 17) 


part  in.  .c o. oAit-lana 


CAio  ( a ) ( ; ) Anti trie  s ; int Ions, 

*io  .hall  now  apply  the  oou.ntary  ■'or*:! i tions  iori vei 
in  ; art  i sf  this  Arpo  xilx  to  ths  sol  ;t:  ,ns  of  part  XI. 

-1/?  » 

a*  C '•■'  o C £ (*)  is  a regular  function  of  £ at  £ - 0 
w-  ..ro  t*iO  is  riven  ty  (5.6), 

rr -cc-eiing  ar.  In  Appor/iix  A wo  ' 1 nP-  that  the  terms 
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appearing  in  gg  vhich  do  not  have  the  required  order  be- 
havior  demanded  b”  .the  boundary  condition  can  be  written  in 
the  for® 

tBj-1  Ejoj.15]  K(2)  0.18) 

A r=0  r 


and 


l)  & Ej  D<2>(0)1  K(1>  lo*  C 

Jl  r-0  r 


(B.  19) 


.(2) 


where  D^~'(Q)  / 0 is  the  coefficient  of  in  the  series 
developcont  about  C = 0 of  the  Integrand  of  the  Integral  in 
^H+r  i-!iv°lvlng  F'“^  and  is  the  constant  contribution  from 

:ion  of  the  Integral  in  Kjj+r  lnvolv- 


the 

l-ver  Unit 

cf 

integrsti on 

ing 

^ in  the 

integrand. 

Thus 

in  0 

rder  to  sat 

oust 

e.ua'.e  the 

- oe 

fficie  ts 

0 

anl 

(B. 19)  to  r 

ero , 

thus  : : h t 

Hi: 

t i on 

I?  ^ *1  f*  1 1 n » i 

*1  * • I i 4 .4  4 

• -a 
/-  .owns  bg  and 

v* 

i 

:» 

(C  ♦ 1)’ 

f 

f>  y ( ^ ) 


nd  K(1)  log  ; in  (B.  IP) 


mogf'ne-vus  »*quv 


exists, 


finite  ; t 


- 1. 

a 


In  .*  tUuii  r.  ( lit  ic)  for  w 

' r{ 


.'.otic*.-  that  a:  l 

. % 

if  t.'ic  c .j  • o*K?tita"y  si’  .r.'‘‘;s  satisfy  the  tvi-.i. *ry  conn  t:on 
i t*nt i ca . y* 


tno  particular  integral  we  note  that  if 


“ •'tn  ♦ r ) • \ #f  - 1 

“ajc 


rv  r'-ax  5 ZT<1' 


**  * f 


f:^r  Wh i eh  r'  / D than  trw  tors  in 


* * * i ) w i t the  least  exponent  behaves  like 


A 
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(C  ♦ 1) 


•2(H+raax)+l«X 


Thus  In  order  to  satisfy  the  boundary  condition,  the  following 
inequalities  must  hold 

X not  real*  2fi  ♦ R-t  -J\  j £ 1 - 2rmay 

X reals  2R  + X < 1 - 2rnax. 

v/e  can  readily  show  that  1 is  a lower  bound  for  r^^,  for,  if 
Tmax  ~ 0,  then  we  would  have  Ea  as  the  only  term  appearing  in 
the  summation.  Hut  from  (B.  19)  we  would  then  have  e5  *=  0 as 

U ** 

the  only  solution*  This  is  not  possible  since  the  index  R is 
chosen  such  that  E*  is  the  first  non-xero  £a.  donee  our  in- 
equalities now  become 


X not  real:  2R  ♦ R-t  Jx  ] < - 1 

X real;  2H  + X < - 1* 

Wo  can  discard  the  possibt  Hty 


(B.  20) 


- 2(R 


r ) 
uax 


1 


sinco 

which 


the  boundary 
contradicts  t 


condition  would  'hen  demand  E 

r 

he  definition  of  r._. 


max 


0 


lir.  n'*V)  - 0. 

r~-*\ 


d<  t - A r, 

4 V > 


at 


r«v  r.hould  no  to  that  in  deriving 
C - 1 V.*  **  :nd  t-f,  .*  1-  oth 


V * 


j i ft 


boundary  con- 
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had  to  be  zero  as  C — ^ 1#  However,  since  the  point  C = 1 is 
a regular  singular  point  of  the  differential  equation,  one  can 
readily  demonstrate  that  these  conditions  are  redundant  and 
only  one  need  be  applied. 

In  order  to  satisfy  this  boundary  condition  we  must 
show  that  in  the  neighborhood  of  C = 1 the  expression  (B*8) 
for  g*(C)  consists  of  terns  which  go  to  zero  as  C — or  that 
any  terms  which  do  not  zo  to  zero  have  a coefficient  which  Is 
identically  xero. 

Examining  the  solution  g®  we  find  that  as  C — 1 the 
term  in  the  complementary  solution  with  least  exponent  behaves 

li  fco  (C  - 1)  ) while  the  te-a  v/ith  least  exponent  in  the  parti* 

_ V 21H2 

color  integral  behaves  either  like  (C  - 1)  or  like  (C  - 1)*~  , 

depend  ing  upon  which  of  the  following  applies 


( i)  2n  * ? < ri-t  - xl 
(li)  2H  + 2 = hi  j-  X } 


(B. 21) 


(ill)  in  + ?.  > Hi  { - X f 


, 2H+2 


«e  .note  nere  that  the  term  behaving  like  (£  - 1)'"“  w is  ob- 
tain*, i for  r - 0. 

If  coniit.cn  (i)  of  (2. 21)  applies  the  term  with 

4y}\  4^ 

l-nst  exponent  is  (f  « 1)  « This  t*  rn  can  be  shown  to  have 

a -nr.- aero  c xjfflc ; e it  and  hor.ee  can  only  satisfy  the  t und- 
& c ^ 1 1 1 1 ' n by  *Vi  > i . if* 

O * ^ r\ 

. ■ t «. 


r „ , 


w 1 1 if 
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Hence  (B.21)  case  (1)  gives 

U |x\  < - 2. 

If  condition  < 1 i 5 of  ( 21)  applies  and  X Is  not  real 
. 2R+2  -\ 

the  terns  (C  - 1)  and  (C  - 1)  have  different  behaviors 

as  f —>  1 and  our  boundary  roniltion  still  demands  that  either 

P.R+2 

the  coefficient  of  (£  - l)  etuals  *ero  wh^ch  we  have  seen 
to  bo  impossible,  or  that 

2d  * 2 > 0 

from  which  R - C,  1,  2,  ...  . hence  (b.21)  case  (il)  gives 

Y.l  |\j  < - 2. 

The  possibility  of  X real  an  I 2.R  + 2 = -X  must  also  be  con- 
sidered. rJca.'ining  (I>. 3)  we  "ind  that  the  exponent 

2(h  + r)  * 1 ♦ X = - 1 


for  r - 0.  This  wil  rive  rise  to  u term  in  the  particular 


„\ 


lnVgr.il  be.ouving  like  (£  - 1)  ' lor  (£  * D and  having  a non- 

*er  : - trfficient#  The  : uod  .ry  condition  wil  l then  demand  that 


-1-C  . X k h 0. 


? rvtliy,  if  •'  se  (111)  of  ( 


21)  apr  MeS 


(£  - l) 


-X 


s * a 


5t  1 ;*  1 V rr  * r\  v*c  * 1 ■■  I-  ft  r*  V f*^,r*,* f * * ~ • , s r% 

**  * , * * •+  i f ji  ± i.  tr  • - - * xf  Ami  t .£  _f  h,  -J  * 4 * ■-*  i --  tiii 


s “■>  * i ? l i r 
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Bl  fx  | < 0 

or  if  */e  ©alee  the  coefficient  of  this  tor©  equal  to  tero*  In 
the  latter  case  we  must  satisfy  a linear  homogeneous  relation 
in  B®  E^.  Then,  examining  tho  remaining  terms,  we  find 
terms  behaving  like 

(C  - 1)L  \ (C  - l)1  ^ log  (C  ” 1)  and  (£  - l)tR  2 . 

But  the  inequal  ity  found  from  the  boundary  condition  at  C = - 1 
shows  that 

2R  + 2 < 1 - \M  J X [ « 

Thus,  again,  the  boundary  condition  demands  that 

2I<  + 2 > 0 

from  which 

H ~ 0,  1,  2,  i • • c 

*ow  f ro:n  ( B. TO ) we  find 

X not  real  J \ l < - 1 
l J 


X real 

% 

\ 

< 

-1* 

(?}  f ym~o  trie 

w 

)1  .t.'vic. 

,, ..  ^ \ 
, n-v  v a / 

Tiire  *;  t , ? ’ t*  i u 

ro 

s fl .owed 

? . o r 

o &ro 

slmi lar 

to  those  of 

th«? 

r T‘o"«id i a,*  ; 

- 

*■•  # • 1 r . - 

-r* 

i M : 

•5  * WS. 

•^1  > - ; 

* }\**  ‘ i;i  ! i- 

*n  i i I a b 

t c 

r-  C 

t 

hit 

;h  • 

* 0 

« 

a 

i i 

^ - n ) 

r r 

i - 

# 

(B.  22) 

the  b'; 

sra 

i " I 

*%  t r 

~ - i > 

f ■*  «v*  f *>  %r*  * 
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the  following  inequalities  hold 

2H  ♦ Rt  - 2rnax 

2R  * X < 1 - 2r3ax 


for  X.  not  real 

(B.23) 

for  X real. 


At  C - 1 we  must  examine  three  possible  cases 
(i)  2R  + 1 < rU  X ) 

(11)  2R  + 1 = fM  [ - X } (B.24) 

(ill)  2H  * X > Rl  J - X 1 

case  (1)  the  boundary  condition  demands 


which  fives 


and  we  ' 1 nd , 


R 

from  the 


2B  ♦ 1 > 0 

inequality  (1)  of  (3.24), 


R-t  ^X  j < - 1* 

case  (il)  with  \ not  real  we  a *o.n  must  sot 


tfivl 


2R  ■*  1 > 0 

a - o,  i,  2,  ...  , 


and  the  equality 


(U)  of  uu:<*) 


show  that 


2.4.  j \ r < 
1,  J 


1. 


•« i th  X r*al  and  * 1 » -X  wo  find  terms  huvlr.r 
non-tt ro  coefficient  toduving  like 
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(C  - l)~K  lag  (K  - 1) 


and  tine  boundary  condit Ion  can  be  satisfied  only  if 


N 


< o. 


case  (ill)  here  we  can  satisfy  the  boundary  condition  if 


we  make 


which  implies 


RJ  £ - X J > o 
a { x } < o, 


or  wo  may  not  restrict  X as  yet,  but  insist  that  the  cooffi- 

-X 

cient  of  terms  behaving  like  (C  - 1)  bo  zero*  In  the  latter 
case  wc  must  examine  the  remaining  terms  which  behave  like 


(C  - 1) 


, (C  • 1)*  log  (C  - 1)  and  (C  - 


flow  if  2H  * 1 < 1 - r'.t  ' X | , and  since  the  t-.rms  behaving  liko 


(C  - 1) 


have  a n^n-zero  coefficient.  the  boundary  condition 


doEtmxls  that 


2R  *1^0 


£ lv  l.f 


A ~ r>  i 1 j J y m * • , 


and  t?.  ‘ Ineqsa ; * ty  shows 


:m  4 X i < 0. 


\ n*  tho  y ss  ibi  1 . ty 


'V  * 3 


. . « f » I 

^ 1 ' M.  I K j • 


Her#  we  xay  s .ilst’y  the  b.'uniary  coalition  by  demanding  that 
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i - at 


N 


> o. 


We  now  must  satisfy  three  inequalities  simultaneously* 
are 


They 


1 - Hi  {\}  >0 
2R  + l2l-Rt{x} 
2R  + Hi  j X } < 1 - 2r 


max 

If  we  examine*  for  r •-  0,  the  possible  values  of  R and 
1 max  1 

Hi  ^ which  will  satisfy  all  throe  inequalities  we  find  that 
the  only  permissible  values  of  R are  R = 0*  1,  2*  3»  •••  • 

For  i<  ^ 0 we  can  show 

0 jC  ft!  n | < 1 j 
f»r  h = 1,  2,  3,  ...  , we  find 

rl(,  i X | 0* 

With  2H  ♦ 1 > 1 - Hi  X > we  night  rtiU  satisfy  the 
bour.Jary  coalition  without  restricting  X by  setting  the  coef- 
ficients of  terms  behaving  like  (C  - 1)*~\  (K  - 1)^  \og (C  - 1) 
oH’iaL  to  -ere,  This  •’ i v>- _ rise  to  tw  . more  linear  homogeneous 
o,us ’ 1 "ns  In  A*|,  b®,  ll£.  i th  rr.  = 0 we  would  now  have  to 
satisfy  a total  of  f ur  linear  ir-m  o ».:ne''us  equ-a*  i *ns  in  only 

; S ....  i .5 


t hre v -inknc  n s AT. . 

R 


From  the  r.u  . :er  in  which  the 


c »ff  ic  *.  -.-nt  s o'*  fi-Q  unknowns  arose,  it  seams  Hkily  that  we  are 
justified  in  as. -'using  *r.r*9«*  * iuntions  to  be  lr.  ic;  en  *•  nt  (nl- 
thsu$h  the  esatnema*  leal  ;.r  ,-f  of  tr.is  would  be  difficult)# 

Heacu  to  insure  a non- trivial  solution  va  must  increase  the 

-a*  *■  * «*  !►  w -a.  * + **  'h*  u ->-  . a «—  — * -wl  x*  * * . „ ^ *.  * 

;x;*U  .ir;i»te  w fig  1*3 
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the  inequalities  of  equation  (B#24)  and  we  find  no  further 
nertur bat ions  with  Fi£  -j\  j*  > 0. 

case  (b)  the  application  of  the  boundary  conditions  to 
the  symmetric  and  anti- symmetric  solutions  of  case  (b)  result 
in  relations  of  the  sore©  nature  as  found  for  case  (a).  V#o 
shall  not  include  this  work  here,  but  shall  merely  stato  the 
results.  One  does  not  find  any  perturba  .ions  that  can  satisfy 
the  boundary  conditions  with  Hi  j-  > 0. 
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^rt  I,  ££lUAU.Sa.g?  k2\aflArX-&gaUUgI13 

1)  about  C * 0# 

We  have  already  seen  that  the  solutions  about  X,  = 0 
must  satisfy  the  following  boundary  conditions 

s 

g Is  a regular  function  of  £ at  C - 0 

-1/2  a 

C g Is  a regular  function  of  £ at  X s 0* 


2)  At  the  edges  of  the  plate  X ~ **  1* 

We  demand  that  tho  perturbations  of  the  free  surface 
= 0,  l.e. , that  the  free  surface  continue  to  originate  at 
the  tdgo  of  the  plate#  From  (2.10)  we  must  have 


;1  {«  - K - f2]  -- 0 »*«■-*■ 


Substituting  In  the  above  we  havo 
1/2 


— 


2C 


f 2(C-b)(C-b>  - <C-l>  C(C-b)  ♦ (C»b))  i 
1 (C-lMC-bHC-b)  ■> 


xt 


+ 2t}/2  jc.1^eKt-K/2-a^t  i = 0 at  C 

I * 


x« 


riic  ficicnt  :f  th*:  t^ro 


X t t-_  Tt 


[IX  *■  ( XG1  • + \G 


->C 

i. 


)] 


c.'.n  b--  shown  to  «•  rial  -«.re  ?.t  C ” - 1,  hone  our  boundary  con- 


^ 1 ^ ^ *5;  c »J  ? W ^ ^ < f 

* * *-  ■ - » * « — * *f  ~ X , » i 
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{ 


Xt 


G_e  * G^e 


Jfi . 


j-  = 0 at  C=-l 


for  all  time  t.  This  Implies 


GXCC“D  * °2C<’1)  = °* 

Substituting  for  G^  and  from  (6*9)  we  find 

g*(-l)  = g£(-l)  = 0. 

3)  Upstream  infinity  £ - 1* 

(a)  The  velocity  perturbation  must  vanish 


lim  v»  = 0. 

But 


Substituting  we  have 
\/2 

I A m --  - - - - - 7-n  mmm  - ~t  - 1 — ~ " ' r i~  - ' X w 

C— »1  {2(C-b)(!;-b)-(C-X)[(C*b)(C-b)] } ^ 

which  will  be  satisfied  if 

ila  (C  - l)Gtr  = lim  <C  - l)0o^  = 0* 

C-~ >1  1C  C-  ->1  2C 

Trorn  {6,9)  ve  find 

s 

11a  <C  - l)gj  = 0. 

c->i  ** 

(b)  Th«  pressure  perturbation  nust  vanish, 
s^tl-fy  this  “or.iiticn  by  demanding  that 

ii«  auKl  a 0, 

£ L ‘ 


there,  i#e. 


0 


We  can 
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This  will  be  satisfied  if 


lim  0.(0  = 11m  G?iO 

C -)i  1 r— n 2 

rising  (6.9)  wo  find 


- 0. 


lim  ga  = 0, 

C— >1 

!t)  tovnstroam  infinity  C = b and  £ - b. 

W o demand  that  the  asymptotic  behavior  of  the  jets 
leaving  the  edges  of  the  plate  bo  that  of  straight  jots.  This 
implies  that  an  observer  moving  with  the  asymptotic  jot  veloc- 
ity se  *s  no  change  in  w „ Proceeding  as  in  sections  IV  and  V 
oar  boundary  condition  then  demands  that 

<C-b>  [(C-bf'N:  ] = (C-b)  jC  [tc-bJ1_Xo2  1 = 0 

and 

(C-b)  ^ [(C-b)  d ^ ] - (C-b)  b ) ^ ^2^  ] = 0« 

The  se  requirements  will  be-  satisfied  if 

\ **  v 2 

, ^ ^ a . . _ rr . — K A 


i then  demands 

that 

K] 

= (C-b) 

A 

t<C-b)1_XG 

1C^ 

- (C“b) 

d 

Iff 
**  v* 

[(C-b)1^ 

i be 

satisf 

i «d 

if 

s 

£a 

A.nd  ( C - 

r,-\  a 

b) 

* P - i- 

t ively. 

* *v> 

Ua2l!il 

Lin: 

3 of  the  r..’ 

If  r'iJ’-s*!  Vil  • in  %N_* 


s^tur r \\ i .r;  v iUat'i  on 


r r t , l & / k ’) 

***«  t r * 7 ; --  J.  -,  ^ J 


'i  •«  '■ , i 


ntiul  o;.. ..--tor  wo  arrive 
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^ ^T-l 


vx.  . a\ 

“ 4-b 


ax.] 

C-5j 


g 


2X  . _ X _ x + 4X2.2X  + X2  4 X 

It  IK- 1)  tCC-b)  C(C-b)  (C^l)5  (C-b>2 


+ X2  ♦ X + 

<C-b)2 


,?X 


4X2 


4X^ 


K-bXC-b)  it-  l)(C-b)  (C-lXC-b) 

1 


T 


c(c-D  2a<-b)  ac(c-b) 


h(C) 


(C.l) 


where  g and  h denote  either  symmetric  or  anti -symmetric  quan- 
tities. 

Equation  (6.1)  is  a second  order  ordinary  differen- 
tial equation  of  Fuchsian  type.  It  has  regular  singular  points 
at  C - 1*  bt  and  b In  the  finite  plane  and  ha3  oo  as  a 

regular  singular  point*  After  putting  (6.1}  into  standard  form 
(see  [7  pp.  155  seq.  ])*  we  can  find  the  exjonents  of  the 
sing ul*r 1 ties  in  the  finite  plane 


®l  * 

*L 

( : 

?,  = t 

A. 

at 

C 

= 0 

a-,  ~ 

- 2\ 

fX  * 1 

• ?X 

at 

C 

M •% 
J*. 

a3  * 

X 

- 1 

+ X 

at 

f 

-»■ 

- b 

>. 

X - 1 

- X 

at 

c 

= b. 

t p ^ r r~*  r 

■rat  i n 

if  *-  f,  n 

at  v 

«!'1 

■it  1* 

3 \ 


« • C M'-SO  M ~ <C-1)  *‘(C 


i - -X 

vr.)  f -!  f ^ '»  1 

t fc  r I 4 1 * ■ * \ 


1 
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w©  have  the  following  regular  singularities  and  exponents  in 
tho  finite  plans  for  the  differential  equation  governing  H 

0t  i at  £ = 0 

0,  1 at  C = 1 

0 , i at  £ — b 

0f  1 at  £ = b. 


Solutions  of  the  Homogeneous  Equation 


Knowing  the  position  of  tho  singular  points  and  the 
exponents  of  the  singularities,  we  can  write  the  complementary 
solutions  of  the  differential  equation  for  H*  Then  applying 
tho  transformation  above  we  can  find  the  complementary  solutions 
for  g denoted  by 


Atom*..  £-=- J2 


K(l>  = ClA(C-l)"2K(C-b)K(C-b)K  F(1) 
KlW  S (C-l.)*‘rX(,:-b)X(C-t)X  F(t-} 


(C.3) 


whore  and  are  re  pi]  »r  an  l .vn-zero  it  £ = 0* 


&SS.H 


i) 


- (f-2  ) 


5-.A 


X — > X ( * } 

f \ f ^ VX  ' 

t _ fc  ’ • w _ l / 


i * ) ] • ■ i \ 

K - c.  V.-tl “(f-b)”  ’ or  (C-U  P 


rr  L 3 

- * * / 


\ * \ r i - \ 

« • A — \ J 

f-I)  ('-►.)'?  <-1;  r 
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where  = constant  and  F^'  and  arc  regular  and  non-zero 

at  C = 1«  We  also  know  that  the  following  linear  homogeneous 
relations  with  constant  coefficients  holds 


K(1) 

x‘2> 


a.K^  + b.K^^  where  a,b,  - b,a0  ~ 6,  / 0 

i A l X I A 

a2K(3)  + b2K(4)  (C.5) 


about  C ~ b 

K<?) 


where  e, 
o 

at  C = b. 

K(l) 

K<»  ) 

J7> 


K(6)  = c6(r-l)";J>*(C-b)1+X(C-b)X  log  (C-b)  F(5) 


* (r-l)’2X(C-b)V(C-b)V(6)  (C.6) 

constant  an!  and  are  regular  aoi  non-zero 

In  aliltior.  we  may  write 


. ( > ) . .,  ( ^ ) 
a,  a + b^h 

n k<5)  a , 

a^r.  + u^h 


Where  a * b.,  i 0 


(0.7) 


„0V  v — 1 + X 17) 
k ■ = <r-i)  " (C-b)  c-h)  rn 


« j \ \ ^ ^4)  ( r}\ 

A r>  1 ) ( '-b ) ( C-h ) ‘ * 1 ( C-b > F{  n 


- . X X * \ ( ) 

♦ < C-1)  (C-bftc-b)  ? 


r _ H 1 


wh- 

r*«J C4  ~ 

C V l 

CJ'i/i"'  nr.  S r 

at 

r - r 

S’*  * 

« * * V 1 ’»  A 1 i if* 

,(  ) 


if  .*  rvr.il  tr  t rid  n:n-”‘; ro 
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AB) 


K(l)  . */7) 

KU)  = a6K(7)  + b6K(8) 


♦ b^K'  whore  - b^-a^  ; 0 


(C.9) 


about  C = » J.»  The  point  C - - 1 Is  an  ordinary  point  of  the 

differential  equation  (C.l),  As  a consequence,  ve  may  choose 

* (9) 

as  two  linear  Independent  complementary  solutions  K and 
K*10*  such  that 

(o)  ao)( 

k^'c-i)  = (-D  = o 

K(9)f  ,,  JIO) 

ry  ( - l ; - K ( - i;  - i* 


;*x)reo vor  wo  raay  write 

JD  ..(9)  (10) 

K — a^K  + tyK 


where  a0ba  - b„afl  = bi,  i 0 


7 8 * ? 8 


(?) 


..(9) 


- a^K  + b^K 


(10) 


(0.10) 


Complete  Solutions  of  iertqrb-n *ion  Equations 


In  'rder  tn  wr  I tv*  the  complete  sy m:>  trie  or  anti- 
sy  metric  sj!ut:.ns  of  the  t ^nturb’*-  i an  equation  (C.l)  wo  must 
find  th*  particular  Intvfral*  The  particular  integral  can  be 
f' uni  by  usinr  * h« - method  of  sret*  ons  IV  and  7.  Ve  shall  hive 
r*iu  A of  the  Wr  .•ns-tlnn  o*'  the  c '"uploscot^ry  solutions*  Eros 
(C«  1 ) v-  c an  wr i to 

f ~ 1 


(l 


v* 


• - #.  • - j 

J 


- V i AC 


i-l  C-b  (r~b)  i 

"•  a/ 


- : /; 


-h\  . i « „ 

(r-i)  /r-b)  (C-D  1 . 


(c.  i u 
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(1)  Anti- symmetric  solutions 

The  conplete  anti- sycne trie  solution  Is 


a a a y ( ^ ) . q Q yC  2}  . r»fl 

«H  = *R  K * \ K ^ Er  *R*r 


(C. 12) 


where  A°,  B®  and  E®  are  unknown  constants  and  the  term  E®  XT 

ft  R r * n* 

Is  the  solution  for  a particular  integral  of  (C.1)  when  h(C) 


Is  replaced  by 


h?  s iL  T Ji  a 

n+r  ~U 2 R+r 


- .li 


? i 


R+r 


L(C  - bXC  - b) 


J ' 


Making  the  appropriate  substitutions  in  (C,l?)  we  have 

ateat-l-f-Ji? 


,U1> 


k^s^2\ 


g“  = A^rcx  cc-i>  (>b)^(c-b)"FN^]^[(c«n  (c-br<c-brr  1 

i 


Y-<. 


^(C-l)‘aX(C-b)x(C-b)x  |c1/2f(  15 


;>(R-*t)+1+2\ 
<C~1)  X 


-°1 


x (C-b)  * * (C-b)  r'U)  L 1 


x_] 


c 

r 


C(C-I)  ■X(r-b)  2fjr- b) 


-e(2)  , Cl/r(C.t)?(H*r)*1*:;X(C-b)-(atr)-X(C-T:)‘(h*r,-X  x 
-1 


-M)  r 

x ■:  [■ 


■* 


r <r. :} 

^ ' T»  * * 


\ A*  * ^ 


*"  Ot) 


1 

} 


r 


(r. 13) 
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g*  = (A^a1*B®a2)E(C-l)1'2X(C-b)X(i;.b)V<3)3+(*^)1+B*b2)  * 

x [c4(c-D1_2x(c-b)x(i:-5)xiog(i:-i)FC3,+(i;-x)"2x{c-b)x(i:-S)x>'<4)] 

(3) 


a * Sl<C.l,-2X(C.b,\c-5)X  f '"S 


ii 

A 


{■<- 


1)P 


p -*2<R+r)42+2\ 
[C^CC-l)  x 


*1 


„ . -(R+r)-\,  - -(R-fr)-X.  .*.(3)  „ ..2(R^)+K'X 

x (C-b)  (C-b)  l-gi^-DF  +(£-!)  x 


x iC-b)*(a+r)A(C-b)’<n*r>"KP(4))[ — i- 


— IdC 


-[c4(C-l)log(C-l)F(3)*F(4)] 


CPC-D  2C(C-b)  2C(C-b) 

'(C-l)2(a+r)+2+2X(C-b)-(R+r)-X  x 


-1 


x (C-b)"(R*!  )'XF(3)  [ — i i _ ^r-]  dC  l (C.14) 

C^C’i)  X (C*b)  2'(C-b)  J 

&£2aLJL_i-J2 

"a  = (Aja3*^Oi(C-ir"N^  X 

K <C-iJ‘lX(C-i;IA(C-b)Xi'r(,:-t)F(:i)*(;-i)”2X(C-b)x(c-b)Vif)  j 

;?  «<C-fc:F(')  j [c,<C-ir(,Ur)+1+X  X 

r~>  •*  ^ i ° 

-1 


-n 


* ; ’v  ' 


*L-\ 


-r,-- :'*r)-X,  , ^-'‘*5  n?(f<>r)4:v\ 

! r i i-C'  * C-l) 


• r - \ 

t (C-V.'  E 


■ * r 4 } 


u v — _ 


* tY  m'  /('.v  , -V  f r _ “ : 

*-  ▼ ' * * • t Ik  ^ F **  » a Vj  ' 
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-[ce(t-bnog(t-b)Pl5)*K<6)] 


* <c-i>2(R*r)*1*i!\i:-i>r(R+r>+1’*  * 


4 1 


X (t-b)*(R*r)"V5>  c-1 


c(c-d  2Co:-b)  2C(c-b)  j 


1 ] ) (C.  15) 


21 


g*  = (A^a^a6)[(C-l)“2X(C-b)X(C-b)XF(7)]^(A5b^Bgb6)  x 
x[c8(C-l)“2V(C-b)X(C-b)l4Xlog(C-b)P{7)+(C-l)"2X(C-b)X(C“b)XF(8>] 


od  Eab  - - - ' ^ 


* -^(C-l)“2K(C-b)X(C-^)X  J <C-b)P(7) 

r=0  A / 


A 


r /f,  . 2(R+r )+X+\ 

iCg(C-l)  X 


x(C-b)*(R*r)'\C-^)"<:l*r>+1*X‘log(C-b)P<7)»(!:-l):!{R*r)+1+2X  X 

x (C-b)*(R*r)'X(C-b)*(:'J'r)"V<,i)  ][ — 1 1 1 ]4C 

C(C-1)  2C(C-b)  2C(C-b) 

-[cs(r-b)ioK(!:-b)F<il>+F(B)]  j (C-!)2<H+r)*1+2X«;-b)*<R*r)'K  x 


I 

\ 

-1 


_ -<h*r)+l-\  /7\ 
x (C-^)  ? [— 1 


*-=- 1 dC  4 (C.  16) 


C(t-i)  2C(C-b)  ^C(C-b)  J 


f o i 


10; 


■*  fv<9)  r 

' « 5 . 


r- 


x(  x-  I ) 


X 
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i_]  dC  -K 


(10) 


2C(C«b)  2C(C-b) 


x(C-b)-U'*r>'aKW)  [— U 


(C-l)2(H*r)*l44K(C-b)'(R+r)"2X  x 


-1 


C(C-D  a:(c-b>  a:ic-b) 


■srldC 


1 


(C* 17) 


(2)  Syrsr.etric  solutions 

7Iv  CJ.n;loto  sy rare trie  solution  Is 


gS  = A_s  ♦ B?  Ks  Z? 

Ft  H tt  r H+r 


fC. 18) 


where  At,  B?  and  are  unknown  constants  md  E®  KjL,.  Is  the 

.«  ? a ^ r **  * 

solut'  n for  a particular  integral  of  (C.l)  when  h(£)  is  re- 
pl;  c**l  by 


JJL  - _I2, 


i (C  - b)(r  - t) 


R+r 


Substituting  in  (C*l8)  wo  have 

g!  = A®[C1/2(C-U“2K(C-b>X(C-b)V(l)]-r®[(C-l)"2K(C-b)X(C-b)V2^ 

» t *»  . k 


r5 


r A 


ir-ir  '■(c-i .)''(< -b)x^  ry^iit  ■ ,i/* 


i 


A 


1 


1 — k’ 


«iw)-iw,-x(c.tru-*r,-V'',l^ 

CCC--J  2T{r-s,)  2r(c-b} 

C 


i 


X 
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g®  = (A^a1*3|a2)[(C-l)1*2X(C-b)X(C-b)XF(3)]+(A^b1+B®b2)  x 

Jt[c4(C-l)l"a(C-b)X(i:-b)xlog(C-l)P<3)*CC-l)"2X(C-'>>X<C-^>Xp<4>l 

♦ -fl  ^l(C-l)“2X(C-b)x(C-b)x  J(C-1)F<3)  I'tc.c172  * 
r=C  A L J 

,(c-i)2(h*r,*1^\c-b)*<i'*r)^(c-b)-(^r5Aio8(c-i)F(3^^  x 

x(C_u3(H*r)^X(!,_b).(a*r)A(C^)-(R*r)-X?(4)]  . 


5 


i x -rc4(c-mog(c-i)F(:>')+F(l+)]  j c 1/2  x 
2C(C-b)  2C(C-b)  4 J 


si 


2(*<+r)+l+2X  .(»*r)-X  - .(R+r)-X  (3) 

x(£»l)  (C-b)  (C-b)  F 


X [ 


C(C-D  2r.(c-b)  2C(C-b) 


^=-  IdC  Y 


(C.20) 


about  C g b 

t®  " (A:%i*3®a4)[<C-l)’2X(C-bi1+X(C-  bjV'5  MAi^Sgb^)  x 

xl7,if'-!)“*iX<C-,-}1A('-b)xioeCC-b)7'  W-<C-i)^X(C-b)XC-r)XF{,,)3 

C 


t F.  6 


' C- 1 X(C“*  ;XvC-T)X.  (C-bir'w  ;c/y'  X 

L 3 


t / r - ' * 


• { 1 ♦ r*  ■ ♦ 1 ~ ^ -X. 

# v ^ ' ‘ * ' *•  '/<  7~  ' • * * * ^ » /jr  1 \ *1 


(5) 
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* P(C-l)2(R*r>4aNc-b)-<R+r3'\c-,5)-(R*r)AP(6)]  * 


[ — 1 


J l_14|'.rc,<t-bnog<t-b)F(S)+F(6  ] 

k\  O 


c(c-i)  s:«:-b>  2c<c-^> 


A 


* c1/2(c-i)J(R*r,*2\c-b)-(R*r)*l-N^)*(R*r)"V5>  * 


. . — 1 1—  IdC  l 

C(C-l)  2C(C-b)  2<(C-b)  J 


[-L 


(C*  21) 


about  C = ^ 

8*  = (A^a5*B®a6)[(C-l)*2X(C-b)X(C-b)V7)]^(A3b5*B»b6)  x 
xCce(C-l)"2X(C-b)X(C-b)1+Xlog(C-b)F(7)*(C-l)*2V(C-b5X<C“^JXi?<8>l 


8. 


_ — kc-i)“a>*tt:-b)x(c-'OJK  i (c-b)?(7' 

r=0  A l 


S 


, ,1/2 

* 


*1 


xCC-l):'(R*r)*2XCC-b)"{f!*r)‘X(C^)'<fl‘r>*1’Nos(C^)<'(7) 


*c1/2(c-i)2(R*r)‘2N':-b)-(H*r!’Nc-b)-(H*r)*Ve))  x 


* t 


A — ] -1^  “[  C o ( C*b  ) lvtg(C“^^  ■ 


.(7) 


C(C-*>  2C(C-b)  ^(C-b) 

(.-*}  f'  i/z  2(A+7)*2k  - ( R *r ) — \ -(h+r)*l-\  (7) 

' '"]!r/  (C-!)  <C-b)  C<-S>  F 


_ 1 

•> 


x l — *- 


W0  t »■ 

S * , " - / 


i T*  \ 

v * *>  / 


\ L * w ^ 


— 3 «3C 


/ r :>  % j 
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about  t « - 1 


*R  * (ARll7*BRa8>,!<9>*(Afib7*BRb8)Ka0)'t  J|  ~ £K< 

«c1^<<-i)aWw,^Nc-*)*(R<',‘aK(i*"<,l*')-akK<10> 

...A 


* [ 


CCC-l)  2GC-b)  2C(C-b) 


] 8C  -K 


Sl 


C <C-i)  a 


:(C-b)‘tH*r>*2x(t^)'(H+r)‘2'K(9)[— i. 


uc-i)  a;<c-b)  2c«-b) 


*} 


(C.23) 


Part  III.  Application  of  So unwary  Conditions 

We  shall  now  apply  the  boundary  conditions  to  the 
complete  symmetric  and  anti- symmetric  solutions  of  the  pertur- 
bation equation*  Since  tha  method  of  attack,  la  quite  aiiaiiar 
to  that  of  previous  sections,  some  algebraic  detail  will  be 
emitted* 


(1)  Ar.ti-tysriftric  solutions 


g*<  -1)  = C. 


d 

The  so! ut‘. -n  g,  aoout  £ - - 1 is  e uation  (C,  17)c 
n 

We  note  that  the  derivative  of  tbs®  particular  integral  is  tero 
at  C = • 1 and  her.ee  we  can  so ' i of y the  boundary  condition  if 


CA^a?  * &£ag 


] = 0. 


(C.2M 
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-1/2  a % 

at  C g 0 C g (£)  is  a regular  function  of  £ as  £ — >0* 

The  solvit  .on  g®  valid  near  C = 0 is  equation  (C.13)* 
We  can  satisfy  the  boundary  condition  by  setting  equal  to  zero 
the  coefficients  of  the  terns  in  g^  that  do  not  possess  the 
behavior  required  by  the  boundary  condition.  This  gives 

[B®  + \ E®  a!,1*]  = 0 CC.  25) 

K A r=0  r r 


ii  <EL  E®  D*2)( 0)]  = 0 (C.  26) 

A r-0  r r 

{ 1 \ f o ) 

where  aj>i  and  D **  (0)  have  been  defined  previously. 

fl.t X r b ar  b lira  (C-b)  Xg®(0  and  lin^  (C-b)  \®(C) 

C -»b  C—>b 

exist,  l.e,,  are  finite* 

An  inspection  of  the  equations  (C.15)  aral  (C.  I*' ) shows 
that  (C.15)  Is  the  sane  function  of  b as  (C.iC)  is  of  b and 
hencvj  vo  get  the  sane  information  fros  both  boundary  conditions* 
We  shall  apply  only  the  b'ur.iiry  con’-ltion  at  ( ~ b. 


The  ter 
b.  'i.n  Ui  ”y  ~ond  1 i : - 
ne.nt  of  the  term. 


s in  the  cor.;  Lenontary  solution  satisfy  the 
l lent  leal  ly.  If  we  iesa.uJ  that  the  expo- 
in  (C-b)  *g®  arising  from  the  particular 


< ^ t H « ' I*,  n m i i Vi 

* 1 1 w ' * -«  » «■  ■ mi  e.  I< 


- 4 ■ «.  f < r.<  1 f i f-  ^ *- 

h*  • w >a  i . :i4  %*  t l i,  ur  y w *;  , a i fu  l.  f id  V 


H * r < . \ l 


i*ax 


X no*  real 


n 


:.ax 


• * u « » 


»o  .a;*  as  a : , 


f * n **  T '■ -v  t ■*"  1 U < ” «“v-  rv.»  ^r.v  *■* 

*-•*-  * V f * * * ♦ W * - • **.*  4 ^ * 

sax 


-*  M r.  2 O -J  f ,i,v  ; or,  ( C . ,'i-  ) 
T h o 1 r.  - , i a 1 1 1 1 y s u r,o  v e 
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now  give 


0 for  X not  real 


X <0  for  X real. 


<C.?7) 


g (1>*  o. 


As  in  tho  preceding  problem,  we  note  that  C s 1 is 
a regular  sloe-alar  point  of  the  differential  equation  and  we 
need  apply  only  one  of  the  two  boundary  conditions  derived  in 
part  I of  this  Appendix  since  the  other  will  then  be  satisfied. 

In  order  to  satisfy  this  boundary  condition  wo  must 
snow  that  in  the  neighborhood  of  £ = 1 the  expression  (C. 1*0 
for  g^(C)  consists  of  terms  which  go  to  zero  as  £ — ^1,  or  that 
any  terms  'which  do  not  p;o  to  »ero  have  a coefficient  which  Is 
identically  zero* 

The  term  with  least  exponent  in  the  complementary 

m2\ 

solution  behaves  like  (£-1)  while  the  terra  from  the  purticu- 

-2\ 

lar  Integral  with  least  exponent  behaves  like  (£-1)  or 


(£-1  ) 


d Ing  upon  which  of  tho  roll owing  aoplios 


MO 


PH.  * < 3J  ^ 

?h  ♦ ? = r;  f 


{C.2B) 


(111)  2R  * 2 > Hi 


2X] 


Caao  lij:  th‘.=  round ary  coryilt:  ;n  demands  2H  * 2 > 0 


givi  ;v  n 


, l,  2,  f arid  the  inequality  shows  Hi  lx  * 1. 


u :):  for  X not  real  we  a^ai.o  must  have 
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2R  ♦ 2 > 0 

4 

*iVln*  *\  ) 

Ri  X | _<  - 1* 

If  V is  real  we  find  there  will  be  terms  in  the  par- 

-2\ 

tlcular  integral  like  (£-1)  log  (£-1)  having  a non-sero 
coefficient#  Our  boundary  condition  then  demands 

H \<  C. 

Case  (ill):  in  this  case  wo  can  satisfy  the  boundary 

c ri-Yi  1 1 * on  by  rj  V ng 

hi  i \ ] < 0. 

Or  we  moy  not  * restrict  X,  but  net  the  c ^eff  ic  lent  of  terns 
behaving  like  ' equal  ~o  zer  . "e  •sant  then  examine 

the  remaining  terns  wr.lch  oohave  like 

(C-l)  \ <C-i>  ’on  (C-1),  (C-U  ’ 

if  :ov  2R  * ? < 1 - - 2\  V , we  still  must  have 

r?j  ♦ 2 '>  of 

giving 

r.  ~ ■ f It  »-t  3 » •*»  ) 

and  thv  1 n - ; :a  1 1 1 > »:  1 v s 


r.J  * i ‘ » i i 

J <: 


If,  i » * VO 

* f *--* 

: n : - h*  J 

2\: 

ar/1  we 

l - R ■? 

v 2\ 
* 

v e 0,  we 

VyUV.-s  * *" 

roe  l;.e4=aM 

1 1 *■ 

■ to  :;*t 

t ifl*  f>  *_i 

->*> 

v #»  re 

th«  rw’ 

1 rso^-d  1 a r *•■  1 y 

a4' 

Vf  ?t  !>:1 
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From  these  and  the  fact  that  R is  an  integer  we  find  R^t  0 

for  all  possible  values  or  R and  X, 

Again,  however,  we  may  satisfy  the  boundary  condition 

1-2  A 

by  setting  the  coefficient  of  terms  like  (C-l)  and 
l-2\ 

(C-l)  log  (C-l)  equal  to  zero,  Those  give  rise  to  two 
linear  homogeneous  relations  in  A®,  B®  and  E^.  We  now  find 
that  if  we  assume  r_av  - 1 we  arc  forced  to  satisfy  more  equa- 
tions  than  the  number  of  unknowns  assumed  up  to  now  (A^, 

E®,  E®).  From  the  manner  in  which  the  equations  arose,  they 
would  apear  he  independent.  Hence  this  would  make  rmny  > 1 
(in  ~rder  tc  :isr-re  the  existence  of  a non- trivial  solution). 

If  is  at  as  rr  at  as  2t  the  inequality  (C .27)  is 

strengthen*  i i • i ••  ? find  that  we  can  no  longer  have 

2ri  + 22  {•  2 A \ . 


Hence  we  • nciude  true  re  are  no  anti-symme tr ic  perturbations 
with  Ri  i\  , > C. 

(2)  3ynr.etrlc  so  loti  .:is. 

JLl — Ci  .0. 1 *~ 

g“c(-’  ) = 0. 


The  sol.*’  on  f r g~  is  e.aai*  n (C*  23).  Applying 
the  b,u-.lary  w *n  r!ni  we  must  satisfy  th-  equation 


1 y ; 


„ s“(0  i?  a r<v  :*  nr  fine’!'!,  of  £ «3  £ > 0. 

r.<«-i'.ir;r  *:;e  s iu*  on  r.  • »r  •'.to  (2.  ;w)  Wft  f jfj  that 
wo  can  satisfy  the  fc- -r>V,ry  omit  5 y -■*-  ing 


35807/2 


133 


(C,30) 


X_. 


»t  t £ b or  fc:  Ho  (t-b)  'g 

j[  — fc' 

l.e. , are  finite. 


and  lie_  (£-b)~^gs  exist, 

C— /*> 


Replying  this  boundary  cond i than  at  C = b to  ^ given 
by  (C.?l)  we  find  we  must  satisfy  the  fallowing  inequalities 


R ♦ Til  J X ‘l  < 1 - r „ X not  real 
l j “ -a* 


a 4 


X < 1 * raax  X r«al- 


(C*  31) 


At  this  point  in  our  development  the  largest  lower 

bound  we  can  assure  for  r is  zero. 

max 


at  c - u 


11a  g(')  - 0 

C-- >1 

g*  valid  near  ( = 1 is  (C.IO). 


In  this  case,  corresponding  to  the  situation  we 
found  in  the  ant i-syjrsse trie  case,  we  mist  examine  the  relative 
s 1 sft  of  the  exponents 


:R  * l and  R l 


i 


2 XJ-. 


* 


; is s i ol* 


ca s- s are 


( i ) r r.  *■  1 < R b S - X <j 

(in  - i *•  Ri  ( - ?x  j (c,>?) 

V “• 

(in)  « r.  * i > hi  :*x 

i. 

“h*  I 

(1):  since  *he  t^ras  behaving  like  ( C- 1 ) '‘an  be 


3ik‘-*T.  tr  have  a r, ::>r«ro  c-.fef f icient . we  sas t have 
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which  give* 


2R  ♦ X > 0 
R = 0,  1,  2, 


* ft  • • 


Then  the  inequality  (C.32)  case  (i)  shows 

R^-  X ^ K **  ^ • 

Case  (11):  for  X not  real  we  crust  still  make  2R  + 1 > 0 

which  now  Implies 

Hi.  X j _<  - ^ • 

For  X real.  .Vo  find  terms  in  the  particular  Integral 

•2\ 

having  non-zero  coefficients  behaving  like  (C-l)  log(C-l) 
and  cur  boundary  condition  viuld  make 

Ri  ’ X v < 0. 

U *j 

Case  (iii)t  the  boundary  condition  can  be  satisfied 
either  (a)  by  making  rt»*  - - 2\  \ > 0 which  implies  .'t£  < X V < 0 

w J J 

or  (hi,  by  setting  ova  a l to  zero  th*»  coefficients  of  terms  be- 

-2\ 

having  like  (^-!)  '*  . If  (b)  ir  f rue  we  must  go  on  and  examine 
terns  like 


..  .!-2\ 


IC--J  ♦ IC-U  , <c-i)  lor(C-i). 


If  now  2rt  ♦ 1 < 1 - { 2X  r we  must  have  2R  + 1 > 0 

L .* 

y { in  *r  Z.  ^ „ ft  ri  ^ * *0**  * r~  ji  ' ’ t ft  1 ^ ^ $ I 4 lf  «■ 

4.  * i.  i *•  ^ | - f j •«*  f vt-  »-*  — • - a i.  li 


ril  i V v < 
! r 


a.-.  - - he  r ; : 0 1 1 1 1 1 ty  is  1 0.0 


i > 1 - vl  - 2X  v , 
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If  va  satisfy  the  boundary  condition  by  Baking  1 - R-t^2X  J > 0 
we  have  to  satisfy  three  Inequalities  simultaneously,  namely 


2R  ♦ 1 2 1 • Rl  {2\} 
1 - Jtf  {2X  > >0 
R £i- 


r • 


max 


If  one  assumes  r « 0 there  appears  to  be  a possible 

max 

choice  of  R such  that  Jtf  f Xl  > 0.  But  with  r „ - 0 we  find 

we  must  satisfy  three  linear  homogeneous  equations  in  the  three 
unknowns  A®,  B|  and  E*.  This  would  require  that  for  a non- 
trivial solution,  i.e. , Ar,  3^  and  E®  not  all  zero,  the  deter- 
minant of  tho  coefficients  of  the  unknowns  must  be  zero.  This 
would  not  appear  to  be  a likely  possibility,  although  wo  are 
not  in  a position  to  evaluate  the  coefficients  in  closed  fora 
in  order  to  show  this  mathematically.  Assuming  the  determinant 
not  *.ero  wo  hsvo  to  make  rQax  at  least  as  gr«at  as  1,  and  in 
such  a case  wo  find  there  arc  no  possibilities  of  satisfying 
our  IhT  c inequalities  with  H-l  | \ ) > 0. 


The  remaining  possibility  is  that  we  satisfy  the 
boundary  condition  not  be  demanding  1 - R-t  ^2X  j >0,  but  by 


setting  equal 

/r  i ' 1-2 X 

( £- 1 ; and 


tn  tero  the  coeffl^i  nts  of  terms  behaving  like 

*”  How  even  without  tho  argument 


tbeve  Wo  can  snow  r» ^ is 


sir:  ne t hen  th  ■ i -.'-q  ! ty 


at.  l.  ist  as 
of  (C. 31)  s 


larg' 
&3  tC 


bllity  of  '1th  r case  (ii)  or  case  (ill)  of 
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